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fr 
u . normalized position, transverse to the chord, 
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0(0 mean angle of attack 
^ amplitude of angular oscillation 




"bound circulation distribution 
P circulation associated with a discrete 
wake vortex 
P "bound circulation associated with a 
1 o 
mean stall condition 
^ a dummy variable defined along the x-axis 
oO frequency in radians per second 
V coefficient of kinematic viscosity 
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density of air 
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SUMMARY 
A combined analytical and experimental investigation is performed 
to evaluate near-wake effects on airfoil loading in dynamic stall and to 
study the wake structure resulting from oscillatory motion of a stalled 
airfoil. A central objective of the work is to establish the importance 
of wake Strouhal resonance as it relates to the time dependent loading 
of the airfoil and the establishment of wake coherency. 
An analytical model is developed using a flat plate approximation 
and based on the assumption of circulation preserving flow, after due 
allowance for loss of bound circulation in steady or mean stall. The 
model demonstrates, through abrupt release of discrete vortices from 
leading and trailing edges, the type of behavior observed experimentally 
for the time dependent loading of a dynamically stalled airfoil. It 
further indicates that decreasing vortex propagation velocity, with all 
other parameters fixed, tend to be destabilizing to the airfoil pitch 
motion. The phase of vortex shedding relative to the oscillatory 
motion is shown to be a controlling parameter in determining hysteresis 
response. The effect of downstream vortices is shown to produce an 
apparent trailing edge pressure recovery. 
The experimental program is directed toward measurement of time 
dependent wake structure for various stall conditions and frequencies of 
airfoil motion. Unsteady pressure measurements are made simultaneously 
at five aligned positions traversing the wake. A minimal amount of 
XVI 
data is obtained at one chordlength downstream; most of the data is 
taken at three chordlengths downstream. The airfoil, a NACA 0012 
section, is pitched about the midchord with a fixed oscillatory 
amplitude of ± 1.5°, for several mean angles above stall. The Reynolds 
number range of the tests is from .312 x 10 to 1.125 x 10 . 
Results indicate that natural vortex shedding is present for most 
test conditions, although not well defined for the Reynolds number range 
of the tests. Strouhal numbers for natural shedding ranged from .10 to 
,lk9 based on an equivalent cylinder diameter. Oscillatory motion is 
found to increase root mean square pressures in the wake by as much 
as Q(yfo9 with the intensification occurring in a narrow frequency band 
around the frequency of airfoil motion, and at the first harmonic of 
that frequency. The intensification occurs for a wide range of fre-
quencies; one condition correlates well with an analytical wake repre-





The phenomenon of airfoil dynamic stall and the problems 
associated with it have been recognized to some extent since the earliest 
days of powered flight. Stall flutter is one of the attendant problems, 
although rare until relatively recent occurrences in turbo-machinery and 
then in helicopters. Because energy is added to the structural system 
during stall flutter, it must be regarded as a critical design factor 
wherever it may potentially occur. Fung [1] presents a good historical 
review of early work on stall flutter. A more common result of dynamic 
stall, or even static stall, is severe wing buffeting, producing in 
many instances structural loads far in excess of that estimated by using 
aerodynamic data for the steady maximum lift condition. Wing stall may 
also result in stabilizer buffet, in which the stabilizer interacts with 
the wake produced by a partially or fully stalled wing. Even for 
configurations of aircraft for which the horizontal stabilizer is well 
above the plane of the wing, there have been occurrences of structural 
loads on the stabilizer well in excess of those expected [2]. 
The earliest systematic study of stall flutter in this country 
began with the experimental work of Halfman et al. [3] in which wind 
tunnel tests of two-dimensional airfoils oscillating at different 
frequencies, mean angles of attack, and amplitudes, were conducted. 
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The development of high performance helicopters led to intensified 
experimental efforts in essentially full-scale, two-dimensional test 
conditions, at oscillatory frequencies and wind tunnel speeds about 
equal to those encountered in actual flight. Notable among these studies 
are those reported by Carta and Ham [4] and larva, Davenport et al [5]. 
References [3] and [5] were directed generally toward experimental 
definition of the lift and moment hysteresis characteristics of airfoils 
in oscillatory motion near the stall angle. Particularly wide ranges 
of angles, frequencies, and Mach numbers were obtained, and both pitch 
and translation tests were run. It is recognized that in general the 
stall flutter phenomenon occurs in pure or almost pure torsion [3]« 
For this reason most testing has been devoted to pure, forced pitching 
about some axis. Axes used have been variously taken at 25$, 37$? and 
50$ chord positions. Figure 1, taken from the most recent series of 
tests by Liiva et al. [5]? shows a plot of lift coefficient and moment 
coefficient versus angle of attack, for two different mean angles and 
oscillatory frequencies. The instantaneous values of the coefficients 
for different angles throughout the cycle clearly take on large 
excursions away from the static value. The area enclosed by these loops 
is a measure of work done by the airfoil on the freestream or of work 
done on the airfoil by the freestream. The latter of these is unstable; 
it is equivalent to negative damping in a mechanical system. For the 
moment curve, the work is simply the line integral of moment around the 
loop. 
The hysteresis is stabilizing if the loop direction is counter-
clockwise and destabilizing if it is clockwise. The general conclusion 
3 
reached in the experimental studies mentioned thus far has "been that, 
when an airfoil is sweeping up through the static stall angle, the stall 
effect is delayed in time to a higher angle of attack due to an induced 
favorable pressure gradient on the leeward side, or upper surface, of 
the airfoil. This causes a delay in the forward movement of the 
separation point, so that lift coefficient, Oa , continues to increase 
for some time along a linear extension of the Ca versus Oi. curve as 
illustrated in Figure 1. Thus an "overshoot" in lift occurs due to pitch 
rate. This effect has also been compared by Ericsson [6] to the quasi-
static effect that would be produced by a continual increase in section 
camber in the pitch-up condition. Since camber will in general lead to 
higher statis stall angles, the connection is clear. Thus many investi-
gators refer to the "pitch rate induced camber." 
These considerations prompted Ericsson and Reding [7] to develop 
a semi-empirical method for predicting lift and moment overshoot in the 
dynamically stalled condition. Using the idea of pitch rate induced 
camber, coupled with a modification of the Karman-Sears [1] theory to 
account for lag effects, they were able to duplicate experimental 
results for lift and moment for pitch up and penetration of the static 
stall zone. However, they noted that the pitch-down behavior exhibited 
moment hysteresis effects that the analysis could not account for. 
An earlier attempt to extend the Karman-Sears theory into the 
stall regime was made by M. B. T. George [8]. His approach involved a 
relaxation of the Kutta condition within the confines of potential flow 
theory, so that a trailing edge singularity was allowed. With the move-
ment of the stagnation point away from the trailing edge, there would be 
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for an A i r f o i l i n Dynamic S t a l l 
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a corresponding reduction in airfoil circulation. Thus the loss of 
lift in stall would be accounted for by a forward movement in the 
stagnation point. 
Ham [9] recently formulated a numerical model to simulate stall 
in a sudden pitch-up condition. Based on experimental results obtained 
from the impingement of a blast wave on an airfoil at high angle of 
attack, Ham concluded that a discrete vortex must be shed from the 
airfoil leading edge following sudden pitch to a high angle of attack. 
This would imply that the airfoil builds to a condition of "super 
circulation," because of the pitch-rate effect, then suddenly releases 
the excess circulation as a strong, well-defined vortex developing near 
the leading edge. Ham waLi able to demonstrate such behavior with a 
computer program in which incremental vortices were released consecu-
tively in small time increments from leading and trailing edge stagna-
tion points. The collection of small vortices was shown to coalesce in 
a spiral pattern, similar to the development of a vorticity sheet. A 
major difficulty with this simulation is the time required for computa-
tion, which increases rapidly as the number of incremental vortices in 
the wake increases. In addition, there is the well-known problem of 
violent instability that occurs in a grouping of vortices after a 
certain time, or when the vortices are spaced too closely. The 
phenomenon has been attributed by Ujihara [10] to natural shear layer 
instability and transition to turbulence. Such an explanation may 
imply that the process of laminar to turbulent transition is kinematical. 
Various schemes have been used to prevent the incremental vortices from 
approaching too closely, thus avoiding numerical instability. Ham [9] 
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used a collapse criterion, thus when any two vortices approached each 
other within a certain distance, they were combined to form a new 
vortex. However, erratic motion and breakup may still occur. This 
renders a continuing solution in time numerically impossible [10]. The 
important result of Ham's work in relation to the present research is 
that he demonstrates the roll-up of a strong, discrete vortex from the 
airfoil leading edge, based on a model utilizing the concept of 
circulation and its preservation. 
In the final analysis a complete understanding of the mechanism 
by which discrete vortices are shed from bluff bodies, in general, and 
stalled airfoils, in particular, must depend upon accounting for 
boundary layer behavior and interaction of the surrounding unsteady flow 
with the boundary layer. In this regard, F. K. Moore [12] has shown 
that unsteady boundary layer effects alone cannot account for stall 
hysteresis. He performed unsteady boundary layer calculations for a 
thin elliptic section with leading edge separation. The freestream 
was assumed to oscillate with small amplitude about the maximum lift 
condition, so that quasi-steady conservation of circulation would not 
have to be accounted for. Since no interaction between wake and boundary 
layer was assumed, Moore was able to solve numerically for the fluc-
tuating pressure in the boundary layer and to demonstrate a lift 
hysteresis loop. Two important conclusions are drawn from his results: 
(l) the size of the hysteresis loop is of the order of the applied 
boundary perturbation (perturbations were made in the wind direction in 
the analysis), (2) the hysteresis loop is traversed in a counterclock-
wise direction, so that the damping remains positive. 
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While there are instances in -which such behavior is measured 
experimentally, it is generally found that the hysteresis loops exhibit 
large excursions away from static values, and in many cases the 
hysteresis damping is negative. Figure 1 depicts such a situation. 
The exact behavior of the lift and moment curves depends critically on 
several parameters, the most important being speed, frequency, and 
angle of attack; thus it may be concluded that boundary-layer behavior 
taken alone is not sufficient to treat the problem. 
The complex interaction of the boundary layer, separation point, 
and wake has not yielded to analysis at this time. But the wake 
structure that results from this interaction, under certain conditions, 
has been observed for many years. For bluff bodies, particularly 
cylinders, varying degrees of periodicity have been observed in the wake 
velocity. For low Reynolds numbers ( R < 1000), the classical von Karman 
Vortex Street may be clearly observed using various flow visualization 
techniques. Many phenomenological studies of the vortex wakes of 
cylinders have been conducted over the past century. Of the early works, 
notable are those of Reference [13] and others summarized in Reference 
[1*0, and the stability investigation of von Karman [15]. The early 
investigators established that, in addition to Reynolds number, two 
other parameters were fundamental in characterizing vortex wakes; 
(1) the natural Strouhal number, defined as S = Nl d / LJQQ > 
where KJ is the number of vortices per unit time from one side of the 
cylinder, d the cylinder diameter, and U « the freestream speed; and 
(2) the stable spacing ratio, b/cx ? whose value von Karman found to be 
8 
.281. That is, the ratio of the lateral distance between two rows of 
vortices to the longitudinal spacing in one row, when the rows are 
staggered by one half the longitudinal distance, must take this value 
in order that the array move downstream in a frozen pattern. A further 
theoretical result of the stability theory is that the frozen pattern 
should move downstream with the velocity of approximately . 77TJ . How-
ever, measurements of this velocity at positions well downstream of the 
body indicate an average value of about . 80 U ^ [1^-]. Many investiga-
tions have been devoted to determining the value of Strouhal number as 
a function of Reynolds number for cylinders and also other bluff bodies. 
Early studies were confined to low Reynolds number ( P? < 1000); later 
studies extended to higher Reynolds numbers [16, 17]. It was found 
that discrete wake periodicity began to disappear for Reynolds numbers 
above about 1 x 10 . However, Roshko [18] recently discovered in a 
series of high Reynolds number tests using cylinders that strong 
_ 6 
periodicity is recovered in the range R ^ 3.5 x 10 * This range has 
been called the transcritical range, and Roshko found the Strouhal 
number to be approximately .27? as compared to .20-.21 in the critical 
range. The upper limit of the transcritical range is not presently 
known. It is clear that boundary layer behavior plays a major role in 
the formation of coherent vortex wakes. Whether the boundary layer is 
laminar or turbulent at separation, the location of the separation 
point, and the proximity of the region of boundary layer transition, 
all probably enter into the problem. The significance of RoshkoTs 
experiments was to demonstrate that at Reynolds numbers where extreme 
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turbulence in the separation region unquestionably exists, there appears 
a relatively large-scale coherence imposed on the fine-scale turbulent 
flow, that is, a turbulent vortex wake. 
A few early investigators recognized that formation of wake 
vortices might not depend so much on the body causing the wake as on 
the wake itself. In fact, the idea of a "universal wake Strouhal 
number" has lately been advanced [17]. But it should also be noted 
that there are important distinctions to be drawn between bluff bodies 
with symmetric as opposed to asymmetric separation points. 
Fage and Johansen [13? 20] and Tyler [21] conducted experiments 
on bluff bodies of different shapes to determine wake periodicity and 
to relate this periodicity to the degree of bluffness. In the case 
of a circular cylinder the bluffness was obvious, but for flat plates 
and airfoils the relation to resulting wake structure for a cylinder 
was not clear. The important assumption resulting from these investiga-
tions was that an asymmetric bluff body could be thought of as equiva-
lent to a cylinder by projecting the body into a cylinder in the manner 
shown in Figure 2. Thus the natural Strouhal number, defined for a 
cylinder, becomes in the case of a flat plate or airfoil 
5 — N C SinOt (1) 
where (X is angle of attack and C is chordlength. The equivalent 
natural Strouhal number for asymmetric bluff bodies, S n > will here-
inafter be called natural Strouhal number when referring to flat plates 




and airfoils. Krzywoblocki [22] gives an excellent survey of the work 
on airfoils and flat plates up to 19^5• The natural Strouhal number for 
airfoils and plates has "been measured variously "between .12 and about 
.21, remaining relatively constant at a value of .15 for angles above 
30°. 
The Reynolds number in these experiments remained in the critical 
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regime approximately 10 to 10 . It is also noted that the methods 
employed for determining frequency content in these early experiments 
were rather crude. Spectral resolution to determine frequency content 
came into use after these experiments were conducted. Thus, variations 
in experimental technique and data interpretation may account for some 
of the scatter. 
Recent experimental work has been directed toward evaluating 
unsteady aerodynamic effects on cylinders oscillating at frequencies 
near the natural Strouhal frequency. An important study has been 
completed by Jones [23], in which a cylinder with a diameter of three 
feet was tested in a wind tunnel for Mach numbers up to .60 and for 
Reynolds number ranging from .36 x 10 to 18.9 x 10 . The cylinder was 
tested in a stationary condition and then forced in a transverse oscilla-
tion at several prescribed amplitudes and frequencies. The results 
obtained for natural Strouhal number in the transcritical regime 
(R ^ 3.5 x 10 ) agree well with those of Roshko for a fixed cylinder 
[18]. It was found for Reynolds numbers from 8 A x 10 to 18 x 10 , a 
range not investigated before, that Strouhal number held constant at 
.30. Transverse oscillation of the cylinder intensified the fluctuating 
lift force significantly as the frequency of vortex shedding was 
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approached. Also, the damping force "became increasingly destabilizing 
as the Strouhal frequency was approached, then abruptly changed to a 
stable damping condition for frequencies above the Strouhal frequency. 
Power spectra obtained for the fluctuating lift coefficient showed that 
the root-mean-square lift coefficient was increased by 80 to 100^ 
between stationary measurements and measurements taken with the cylinder 
oscillating at the Strouhal frequency. The percent increase in lift 
appeared to increase linearly with oscillatory amplitude, as this was 
increased to a half amplitude of six percent of cylinder diameter. 
Several important conclusions were apparent from this work: 
(1) It confirmed Roshko's finding of the recovery of 
nearly periodic vortex shedding at Reynolds numbers 
above 3.5 x 10 ; 
(2) It extended this range up to 18 x 10 , showing that 
Strouhal number remains at about .30; 
(3) It demonstrated negative damping due to cylinder 
oscillation for frequencies up to the Strouhal frequency; 
(if) It demonstrated large amplification of unsteady lift 
for oscillation in the neighborhood of the Strouhal 
frequency. 
The last finding implied that the near-wake structure, while recovering 
periodicity, also will exhibit greater intensity. That is, the alter-
nately shed vorticies will contain greater circulation. 
Although several investigators have measured chordwise pressures, 
lift, and moment on stalled oscillating airfoils, little experimental 
effort has "been made to determine the wake flow structure induced "by 
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these oscillations. A recently completed experimental investigation 
[2*0 of near-wake structure in airfoil dynamic stall has shown that 
large, sustained velocity fluctuations may exist several chordlengths 
downstream of the airfoil. The tests were carried out to measure 
transient wake velocity perturbations following a rapid pitch-up of 
the airfoil through the stall angle, then held at the maximum angle 
attained. Hot wire measurements showed large initial transients in 
both horizontal and vertical velocity, for a wide range of pitch rates, 
maximum angle of attack, and Reynolds numbers. It was also found that 
the large fluctuations were sustained for an undetermined amount of 
time following the airfoil motion. The record length of velocity 
time-history was not sufficient to determine the rate of decay of 
amplitude, or a complete determination of frequency content. However 
the time histories did show strong periodicity, and on the basis of this 
limited data, Strouhal number calculations were made. The values were 
determined to be in the neighborhood of .35 for Reynolds numbers slightly 
above one million. This value of Strouhal number was obtained using 
the chord instead of the projected chord, which would have yielded a 
value of 0.15. In conclusion, these experiments demonstrate that motion 
of the body producing the wake may bring about strong periodic fluctua-
tions in wake velocity, even though the body motion is not periodic. 
In addition to the mechanics of vortex production by a bluff body or 
stalled airfoil, and the dynamic interaction of these vortices with the 
body, there is the impingement of wakes so produced on other surfaces 
or bodies. For example, horizontal stabilizer buffet has been a problem 
since the earliest days of aircraft development. Recently for a tee-
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tail aircraft, severe stabilizer structural loads were obtained in 
deep stall [2]. This showed that even with the stabilizer located well 
above the normal wake location, there can still be significant inter-
action in the dynamically stalled condition. This implies that the 
vertical component of the velocity can be amplified under the proper 
conditions. 
Several investigators have developed analytical models for 
predicting the response of a stabilizer to the passage of a wake. In 
Reference [2^] a calculation of this type was carried out for a particu-
lar aircraft. This showed that predicted loads we^e of the same order 
as those measured in flight test. Similarly, an analysis was developed 
in Reference [25] for predicting the loading of a stabilizer due to the 
passage of a discrete vortex. In addition, tests were run in which a 
lifting surface was placed downstream of a stalled airfoil and the 
transient lift was measured on the downstream surface for various 
vertical positions relative to the stalled airfoil. Large lift tran-
sients on the simulated stabilizer were noted for a range of initial 
pitch rates of the airfoil through the static stall, and up to 25° 
final of attack. 
Liepmann [26] has developed a statistical method for calculating 
the aerodynamic loading on an airfoil embedded in a wake, either con-
tinuously or intermittently. But this analysis assumes the wake to be 
random turbulence which is clearly not the case in dynamic stall. His 
discussion of intermittency, however, is interesting and appears to have 
application even for a relatively periodic wake structure. 
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It is clear from the preceding review that many questions remain 
unanswered about unsteady wakes, the mechanism of their production, 
and their interaction with objects in the flow. The present study is 
devoted to a consideration of the effect of vortices produced by an 
airfoil on the unsteady loading of the airfoil and further, to examine 
the near-wake structure resulting from airfoil oscillation above static 
stall. 
Basis for the Investigation 
In view of various experimental results obtained for airfoil 
dynamic stall, and considering the several analytical approaches which 
have been taken, it is concluded that an examination of the near-wake 
structure might lead to better understanding of the aerodynamic 
phenomena involved. The method developed by Ericsson [6,7] appears to 
be adequate for predicting the Cu and C ̂  overshoot in a sudden pitch-
up through static stall. But there are conditions which occur with 
leading edge stall, such as when the separation point moves forward to 
the leading edge, that cannot be accounted, for by Ericsson's method. 
He suggests that the "anomalous C^--loops" may be due to the sudden 
dumping of vorticity from the airfoil's leading edge. If this is the 
case, then a theory based on lag in forward movement of the separation 
point, such as Ericsson's, should not account for local chordwise effects 
of near-wake vorticity. Analytical work to date for oscillating air-
foils has not been formulated for sustained leading edge separation, 
although considerable experimental data have been accumulated for such 
conditions. For example, experimental findings of Reference [2̂ -] 
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clearly indicate that motion of the wake-producing "body can profoundly 
affect the time-dependent structure of the near wake. Also, the results 
obtained for a cylinder in Reference [23] strongly suggest that the 
near-wake structure is sensitive to "body motion, particularly since 
force and damping were found to he critically dependent on Strouhal 
number. The wake structure associated with an airfoil oscillating in 
stall may therefore be important in establishing the aerodynamic 
response of the airfoil in either a transient condition of buffet or in 
the fully stalled buffet/flutter condition. Also, the problem of 
stabilizer buffet is highly dependent on the behavior of the near wake. 
Thus, a knowledge of the conditions under which wake amplification could 
be anticipated would serve to define conditions for stabilizer buffet 
due to wing stall. 
Preliminary studies of wake resonance by the author relied on 
flow visualization in order to define the mechanics involved in develop-
ing a discrete wake. A smoke flow tunnel with an 18-inch-square test 
section was used to photograph the conditions shown in Figure 3. A 
three-inch chord flat plate was placed in the tunnel at a speed of about 
one foot per second. The upper photograph in Figure 3 shows the plate 
held statically at an angle of attack of 20°. While some periodicity 
is evident, particularly in the leading edge vortices, there is no well-
defined vortex street as would be expected at such a Reynolds number for 
a cylinder ( R e ~ ^70, an equivalent Reynolds number based on C Sitt oi. ). 
The plate was driven with a small motor to provide an oscillatory angle 
of attack of ±3° amplitude about the mean angle. Frequency of oscilla-
tion was slowly varied until the condition shown in the lower photograph 
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(a) STATIC Ot= 20c 
("b) DYNAMIC f = 2.0 c.p.s. 
Figure 3- Flov Visualization of Dynamic Stall for a 
Flat Plate 
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of Figure 3 resulted at about 2.0 cps. The vortex structure clearly 
resembles that behind a cylinder. The spacing ratio of vortices is 
close to the stable ratio of about .30 as measured by previous inves-
tigators [21]. Based on an equivalent cylinder, the calculation of 
Strouhal number gives .15, which is close to the value measured by 
other investigators using hot wire measurements in the near-wake of 
static flat plates at comparable angles of attack [20, 21, 22]. An 
important observation from the smoke flow studies was that oscillations 
of the plate created discrete vortices for almost all frequencies, 
particularly from the leading edge. However, these vortices did not 
always develop a stable pattern in the near wake. The condition shown 
in Figure 3 was the most stable of the patterns observed. It is 
interesting to note that this pattern would persist for a wide excursion 
in frequency away from the optimum, once the pattern had been established. 
The preceding considerations led to consideration of an an 
analytical model for the effect of a discrete vortex passing in the 
vicinity of the chord of a flat plate. In particular the effect of this 
vortex on the pressure distribution, lift, and moment, acting on the 
plate is of interest. For a flat plate in full leading edge stall, the 
forward separation point is fixed at the leading edge, thus avoiding the 
problem of determining separation point motion. In approximating a 
symmetrical airfoil with a flat plate for high angles of attack, the 
limiting condition of very large angles was examined and mean flow 
behavior assumed. For this purpose, a Helmholtz flow model was developed 
as follows [15]. 
19 
The Helmholtz model for cavitat ing flow assumes a stagnant region 
on the leeward side of an obstacle and considers the mixed boundary 
value problem wherein the normal veloci ty i s prescribed along the wetted 
surface of the body and the pressure i s specified along the free stream-
line bounding the stagnant region, or wake. The solution of t h i s problem 
for a f l a t p la te at a rb i t ra ry angle of attack is developed in Reference 
[15] by the method of conformal mapping, and predic ts the following 
normal force coefficient , 
Q =L 2TT <==, i n a! (2) 
n 4 4-TTsinu 
where it is assumed that wake pressure is equal to the static value in 
the undisturbed freestream. The lift and drag coefficients follow as 
r* _ 2-TT e i n oL cor ex (3) 
'*• ^ f 4- if s f n o < 
C — 2T1~ si'n^oC W 
^ 4- ~h rr s»n 0̂  
Since these results were obtained originally for the condition of cavi-
tation in a liquid, it would not be expected that direct application 
could be made to aerodynamic wakes. In fact, the drag coefficient is 
predicted to be 0.88 at 90° angle of attack, whereas experimental 
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measurements of drag coefficient for flat plates normal to the flow 
exceed this value by at least a factor of two. For Reynolds mumbers 
between 10 and 10 , Reference [27] gives an average value for Cj of 
1.98- It is well known that the mean pressure in the near wake of a 
stalled flat plate is much less than that in the undisturbed flow, due 
to viscous losses, thus the large discrepancy between the predicted and 
measured values of drag coefficient. Cornish and Scruggs [28] developed 
an approxmation for flat plate lift by assuming the measured value of 
1.98 for CJ , as given by Hoerner for the flat plate at 90°• Then, 
assuming the leeward pressure (mean wake pressure) associated with 
this drag to be constant along the chord, a pressure coefficient of 
-1.25 was obtained for the Helmholtz model. Applying this correction to 
to Equation (3) yielded the following lift coefficient, 
C . - -2jLZ-JLsiri±<>L (5) 
Figure h shows this equation plotted in comparison with measured lift 
as given in Reference [27] for the Reynolds number between 10 and. 10 . 
The remarkable agreement between experimental data and the modified 
Helmholtz theory ijnplies that the assumption of constant wake pressure 
must hold for angles of attack down to the stall transition range. 
Figure h also presents for comparison the curve of Ci vs. 0( for 
potential flow, as depicted by the inset sketch. It is also evident that 
the stall transition for the plate is completed at an angle of attack of 
about l6°. The transition from attached flow to Helmholtz flow extends 
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Figure k. Composite Lift Coefficient Versus Angle of Attack 
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from about 7° up to 16° angle of attack, and this corresponds to a 
transition from trailing edge separation to leading edge separation. 
Fage and Johansen [20] present measurements of flat plate pressure 
distribution for angles of attack from 6° to 90°, indicating that above 
15° the wake-side pressure is nearly constant along the chord, except 
very near the edges. These measurements -were made at a Reynolds number 
of about 1.5 x 10 . 
The results described for a flat plate lead to the question of 
whether airfoils may be similarly described. This would provide a 
clear definition of leading edge stall. Allowing for effects of nose 
radius and Reynolds number, it would then be expected that symmetrical, 
reasonably thin airfoils would, following leading edge stall, exhibit 
the Helmholtz type behavior of a flat plate. 
Shown superimposed on the flat plate curves of Figure k is the 
experimental lift curve for a NA.CA 0012 airfoil, extended into the 
fully stalled region [2^-]. Observe the same trends of C*o vs. ĉ_ for 
higher angles, but somewhat below the flat plate curve. This may be 
due to the wide difference in Reynolds number for the two curves. 
To conclude, the experimental behavior of the wake for a flat 
plate at low Reynolds number showed strong wake coherency under dynamic 
conditions at full stall. Also, it was found that the mean or steady 
behavior of aerodynamic forces on an airfoil or plate could be described 
by means of a non-circulatory theory. However, the question remains 
regarding the loading response under oscillatory conditions. 
The hysteresis loops shown in Figure 1, under fully stalled 
conditions, suggest circulatory behavior (vorticity dumping) due to 
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airfoil oscillation. Further, the smoke flow studies suggest that as 
the airfoil exhibits strong vorticity dumping, significant changes in 
the time-dependent structure of the wake can occur. The relation 
between the time dependent phenomenon of discrete vorticity dumping 
and the mean flow conditions about a stalled airfoil is complicated 
by the nonlinear nature of the complete flow field. The Helmholtz flow 
analysis discussed here assumes steady flow conditions which are not 
possible in the real flow, thus the model must be understood as a steady 
flow approximation of mean flow conditions. 
To follow up these intitial studies, an investigation is presented 
here that is directed toward a better understanding of the production of 
hysteresis in full stall. Included in this investigation will be an 
experimental determination of the resulting wake structure. Theoretical 
consideration will be directed toward a mathematical description of the 
interaction of discrete, near-wake vortices and their influence on the 
chordwise pressure distribution on an airfoil, and resulting lift and 
moment. Experimental findings on wake structure will be related to 
airfoil behavior utilizing the principle of conservation of circulation. 
Thus, the central idea to be explored in this study is the extent to 
which circulatory potential flow may be used in describing the aero-
dynamic loading of fully stalled, oscillating airfoils, and its relation 




In view of the similarity in static behavior of a thin symmetri-
cal airfoil and a flat plate for angles of attack above stall, an 
assumption of similarity is made for the dynamically stalled condition. 
The flat plate model for leading edge stall fixes the iipper surface 
separation point at the leading edge, in order that dynamic effects of 
separation point movement need not be considered. The forward movement 
of the separation point occurs during pitch-up through static stall. 
This has been treated by Ericsson, as discussed earlier. 
While it is clear from the previous section that mean conditions 
prevailing in steady stall do not constitute potential flow, but instead 
a mixture of potential flow and wake flow, we wish to be able to account 
for these effects by establishing an "equivalent" potential flow model. 
This is a model that retains the concept of constancy of total circula-
tion. The model will be implemented by retaining the classical thin 
airfoil representation of distributed bound circulation and assuming 
quasi-steady flow conditions. Then the Kutta-Joukowski theorem can 
be applied to determine the airfoil lift from the bound circulation. 
If at a given instant in time the airfoil circulation distribution 
is )f (x,1) , the corresponding pressure distribution can be computed 
from the Bernoulli equation as follows. Writing the equation between 
upper and lower surfaces, 
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Pu. + i? e u * = p̂  +-1 e ^ (6) 
and 
UU=U+U. (7) 
ZJA = U - u 
where UL is th-3 induced part of the velocity near the airfoil surface 
and XJ is a freestream reference velocity. Expanding Equation (6) 
and taking the difference in pressure, the pressure coefficient is 
found to be 
- S - Cn~C^= 44%-, <8> 
therefore, 





since ^ i s equal to the difference in tangent ia l velocity between 
the surfaces. For moderate angles of attack the reference veloci ty can 
be approximated as XJ — JJ . For large angles of attack and improved 
approximation is TJ— U cosC^? where CC0 i s the mean angle of attack 
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of the airfoil. The model to be analyzed in the following section is 
based on conserving total circulation between the airfoil and a number 
of discrete vortices shed from the airfoil during a period of oscilla-
tion about a mean angle of attack. It is also desirable that the 
effects of steady stall be included; this will be accomplished by a 
movement of the rear stagnation point away from the trailing edge of 
the airfoil. The mechanism for accomplishing these objectives will 
become apparent with the mathematical solution. It is noted that the 
following developments implicitly assume that the Kutta-Joukowski 
theorem applies in determining airfoil lift, including the effects of 
wake vortices. However, it is not applied to the individual wake 
vortices, their path of motion being fixed a priori. The governing 
integral equation for the equivalent potential flow model will now be 
developed. 
A Model for Vortex Shedding 
Consider a flat plate at mean angle of attack 0<L0 5 where <X0 
may be large, relative to a freestream of velocity L7 . Let the 
coordinate X be directed along the plate as shown in Figure 53 with 
the origin being at midchord and the plate extending from X "= — b 
to X c b • The plate is assumed to perform small angular oscilla-
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Figure 5. Analytical Model for Vortex Shedding 
Old) - o/ +- d(t) (10) 
where OC is small compared to CXQ . The condition that the fluid 
adjacent to a body in motion remain in contact with the body can be 
expressed as [1], 
D F ^ O (11) 
ut 
where F ~ F ( X, ̂  , t, ) = Q 
def ines the boundary of the body. F~ may be w r i t t e n as 
F "" £ ~ ^ C x > f c ) (12) 
where LJ is the coordinate locating points along the plate. The 
substantial derivative in Equation (ll) may be expanded as 
A T +. U. <LE 4. u" AE - O (13) 
at ax ^>oj_ 
where U i s t h e v e l o c i t y i n the x - d i r e c t i o n and xT i s t he v e l o c i t y in 
the y - d i r e c t i o n . Equations (12) and (13) give t h e r e s u l t 
•V- ^ 5 fro. +_ ^ 0>J^X (1^) 
a> -t ^ x 
The plate displacement, U, CXv"t,) > is given by 
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^ ^ t ) •=• -XcxV*) (15) 
The small angle 04 is taken in the oscillatory form 
oi'ti) = 5 S m ; . ) t (16) 
and terms in the boundary condition proportional to <X will "be 
neglected. The time rate of change of angle may not be small, there-
for the term 
'±2: •=. — X cU (~t) (17) 
is retained in Equation (1^). Thus the boundary condition is approxi-
mately 
irCX.t) = -x 6i'(±) (18) 
where "VCX^t") is the sum of all flow velocities normal to the plate. 
The flow velocity, v C X ^ t ) ? is composed of three parts: (l) the 
freestream velocity component, (2) the component due to bound circula-
tion distribution, (3) the component due to discrete wake vortices. 
From Figure 5? it is clear that the freestream component is 
V, C *>t) = IT Sir\(X0 (19) 
Due to an increment of bound circulation the contribution is 
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^vic^-t)^ - M i i i i l (20) 
where ^ ( f j ' t ) i s t h e c i r c u l a t i o n d i s t r ibu t ion . Thus the induced 
veloci ty along the chord due to the t o t a l cound c i rcula t ion i s 
+ b 
^•«,t) = J-^ KSJ^lAl (21) 
-b 
Consider a vortex located at the point (X^U ̂  outside the line seg-
ment t ^ 0 , . b s X S b Denote by P> the strength of the vortex, 
positive clockwise as shown in Figure 5. The magnitude of the velocity 
induced along the line u*0 is 
V;(*,-0 = -7 G (22) 
^TTVrX- Xc(t))
a-f- l ^ t ) 
The component normal to the chord is accordingly, 
•a- rx^ - J IOii j^) 
^ ' ~ ZwiCX-X&f+tf] (23) 
To complete the formulation of the model, it is necessary to consider 
the motion of the wake vortices. In a complete unsteady representation 
of the wake flow field, it would be necessary to allow a continuous 
interaction between wake vortices and bound circulation, which would 
establish both the velocity and trajectory of vortex propagation. An 
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approximation is adopted in the present analysis which assises both 
the trajectory and velocity of propagation of the vortices. The 
trajectory is taken to be straight line projections from the leading 
and trailing edges and parallel to the freestream, as shown in 
Figure 5. This assumption is regarded as reasonable from consideration 
of the Helmholtz flow model discussed in the previous section. The 
wake boundaries in that model are approximately parallel and from flow 
visualization results, as depicted in Figure 3? "the wake vortices near 
the plate appear to move along the mean or steady boundary location. 
The velocity along the path, denoted by LJV , is assumed constant and 
equal for all vortices. The position of each wake vortex is thus 
established as follows: let i and j denote leading and trailing 
edge vortices respectively and £; (t:\ denote the time elapsed from 
release of the i (j ) vortex, then the vortex coordinates are 
XL = -ID -+• Uvi:cco.z o(o x =. b +- Uv tj cosoi , 
1 3 . - L ^ t j S . n c ^ , y , = LU-sinctf, (2h) 
For a flow configuration existing at a particular time "£ , the 
boundary condition is obtained using Equations (19)5 (21), and (23) 
in equation (l8) as follows 
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I { ^ ( V ) l f - _ b x * o f c ' - U s i n o i , 
2TT J ^ * - X -
sr i-iCx'-tf) ,. • <r P j ^ x j ) 
^b fr7 [C-^T^rJ ^ fe-[Cx'-^f yj'J 
where I and J* denote the total number of wake vortices on the upper 
and lower sides respectively and where t has been omitted for 
convenience. The coordinates have "been normalized as follows, 
* * = i ^-l **=%• <*> 
The requirement of conservation of circulation gives 
bUcr)Jf ^ L n - 1_<7 - r0 (̂  
d-/ J-
where P Q is a given constant. The determination of the value of P 
will be discussed later. 
It will be assumed that one vortex is shed from the trailing 
edge for each one shed from the leading edge. Then 
r -= r. ^ - r , , : = i,---,i ; i= i , - , ^ (28) 
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Now the re la t ion in Equation (25) leads to the following in tegra l 
equation for 
I 
j C J k C n j J * =: - k * * * ' - U s i n o ( a 
2TT J ? * - X ~ 
- I 
i T b Lfe [<**-*;>*+ yf 1 4rr t<**-*^ - <%*] ] 
subject to the condition 
I 
-I 
when the number of shed vortices on each 
/ 
kj^cOdT i r - r0 OD 
-/ 
when there is an unbalance of one vortex in either the leading edge or 
trailing edge row. The positive sign applies in Equation (31) whenever 
the number of vortices in the leading edge row is one greater than the 
number in the trailing edge row; the negative sign applies when this 
unbalance is in the trailing edge row. 
Before proceeding to a solution of the problem, it is necessary 
= n (30) 
side is equal, and 
3̂  
to consider further the conditions represented by the model. First it 
is desirable that the Kutta condition be relaxed. For an equivalent 
potential flow model as set forth here, we then require that there is 
singular behavior at the trailing edge. Since the front stagnation 
point is not at the leading edge, singular behavior is already implied 
there, as in classical thin airfoil theory. Thus in the general case 
it is necessary to allow singularities at both edges of the plate. 
Equation (29) is an integral equation for the vorticity distri-
bution ft" C K ) , and its solution is required for the condition that 
integrable singularities be admitted at both ends of the interval on 
which **'' A ^ \ ) is defined. A method due to Sohngen [19] has been 
used to solve integral equations of the type occurring here. But the 
method is a special one, requiring bounded behavior at one end of the 
interval. Carleman [36] developed a unified method of treating integral 
equations of the Cauchy type, using function-theoretic techniques. 
This method admits solutions with either bounded or singular behavior 
at both end points of the interval. The technique has been further 
developed and applied by Muskhelishvili and others [29]. The solution 
stated in the following is developed in Appendix A, along with a brief 
presentation of relevant background material. 
The solution to Equation (29) possessing integrable singularities 
at both ends of the interval - I *i X £. +* \ may be written as follows, 
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K?) = -C2X*-0\3a 
C l ^ 7 
_ ^r ^ [ [^-^-OV^VlV-^cosf-^s in | - ] ] 





J = / 
K*;- af- o v ^ y ? V-x;)cosg.- i r ^ f ] 
Crx'-v/f-i-^,-1] 
where 
c - +. a n s iX tVK (33) 
and 
SJ = f an 
*- .< 
2- * i <4i (3*0 
The arbitrary constant, A > is determined from conservation of circula-
tion as stated in Equations (30) and (31). To establish the value of 
/\ , the expression in Equation (32) must "be integrated. The method 
used to accomplish this is given in Appendix A. The result is stated 
in the following. 
Equation (30), for the condition of an equal number of vortices 
shed from leading and trailing edge, i.e., T = J" , gives for the constant 
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A -- -Da , X - T (35) 
TTb 
If there is an -unbalance of one vortex, the result is 
A = -V- [ ro - r j , i - 3 H i 06) 
T b 
A - ~k [ ^ -• r j , j , i w, or) 
TTb 
The steady state part of the model ( I "= 3" ~- 0 ) is, 
V . - 7 = L = , ( Ik. - 2LT<s!no<i x'J (38) 
Since this theory was developed for a potential flow model, the Kutta-
Joukowski theorem gives, 
L = r u r 
1— 5 V ft 
(39) 
where L_0 is the lift existing at the stalled angle of attack
 r\c> and 
\ 0 is the corresponding circulation. Written in terms of lift 
coefficient, Equation (39) gives 
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c( i?u ('2b) - ( u r o (to) 
or 
n = C u t (M) •4 
thus 
^ ^ CJI H. (te) 
¥"E J TT 
Then the steady flow ^ - d i s t r i b u t i o n i s 
TrK/Tx^-
In the sense of po ten t i a l flow, the value C^ corresponds to a con-
di t ion in which the Kutta condition is not sa t i s f i ed . When the Kutta 
condition is sa t i s f i ed , i t i s a well-known resul t [15] that the l i f t 
coefficient i s 
Q^ - ^ir si'noi (hh) 
for all <X< 90°. For any lift coefficient less than that of Equation 
(kk) the rear stagnation point will not be at the trailing edge, but 
must be somewhat forward of the trailing edge, the forward movement 
being limited by the point corresponding to zero lift. This implies 
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singular behavior at the trailing edge. 
The unifying result represented "by Equation (k-3) is that for 
any Cc less than that required to satisfy the Kutta condition, there 
exists a singularity at the trailing edge. If C/j is taken to "be the 
* o 
value consistent with the Kutta condition, i . e . , 
J . ^ JLTT-jVjo^ (W 
^ 
then it is clear that Equation (k3) exhibits no discontinuity at the 
trailing edge, and represents fully attached, i.e., non-stalled, flow. 
Figure 6 depicts various $f-distributions obtainable with the theory for 
for steady conditions. 
The value of Co for any angle of attack is taken as the 
experimental value from the Cg versus ex. curve for the angle of attack 
in question. Thus, the difference in Qj> between the curve for potential 
flow and the measured data indicates the extent of forward movement of 
the rear stagnation point and the strength of the trailing edge 
singularity. This is depicted in Figure 6(a). 
The idea of relaxing the Kutta condition to approximate stall 
was first set forth in Reference (8), in order to modify the classical 
unsteady aerodynamics of von Karman and Sears to account for the 
effects observed in stall flutter. A difficulty was encountered in 
attempting to fix the forward movement of the trailing edge stagnation 
point. A time lag parameter was applied in such a way as to fix the 
airfoil circulation. But the angle-of-attack range over which the 
Equivalent Model 
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a) Experimental Lift Curve 
(b) Y- Distribution 
Figure 6. Airfoil Steady if-distribution 
for Various Degrees of Stall 
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time lag parameter could be used was found to be very limited. The 
approach taken in the present study is to permit the experimental data 
to fix circulation. This result is not limited by angle of attack. 
Further, the result reduces to that of the non-stalled condition for 
any angle of attack as a natural consequence of the mathematical 
solution. 
The solution represented by Equation (32) was obtained from a 
mathematical formulation in which all quantities were regarded as 
fixed in the plane. That is, a configuration of the system of vortices 
was examined for a fixed instant. Physically the system is understood 
to be changing continuously in time. A time dependent representation, 
in the quasi-steady sense, can be obtained from the solution by con-
sidering a sequence of configurations corresponding to those existing 
after increasing time increments following an initial configuration. 
In order to accommodate the shedding of discrete vortices from the 
plate, the assumption is made that the time required for roll-up and 
release of a finite vortex is small compared with respect to the period 
of oscillation of the plate. The limiting condition of instantaneous 
release of a vortex is employed to simplify the numerical computations. 
In regard to the above, the solution is discretized as follows. 
Consider one cycle of motion of the airfoil, during which one vortex is 
released from the leading and trailing edges. The computing time 
increment is 2.TT/NJ.:0 where M is the number of time steps per cycle 
and cd is the frequency of oscillation. Let H denote the time index, 
so that, starting from a zero reference, time is measured by 
kl 
N/^J 
Let rvi denote tha t value of n at which a vortex i s released from the 
leading edge, and H denote tha t value of n at which a vortex i s 
released from the t r a i l i n g edge. To represent the effect of previously 
shed vort ices in the near wake, a time of release i s computed as 
follows, 
A - t , ( n ) - [ ( I - t + l )2JT +• (r]-m)2ir ] , t » » , - - , I (W 
L CO hf c*J 
where I denotes the number of vortices shed from the leading edge, 
and 
At^n) = [CJ-jtl)^; *-(n-H)ZJL] , j-/,-,J ™ 
0" denoting the number of vortices shed from the trailing edge. For 
the current cycle the release times for the leading edge and trailing 
edge vortices are respectively 
Air^C^)-=- (Tn-m)Mc n-m)^JI (̂9) 
A i ^ ( n ) ^ (n-J?)Mfn-j^-aiL (50) 
where 
MC^) = I s n > o 
n o , n -s o 
The positions of the wake vortices are then, 
(51) 
X, M ~ - + (ffl*4^-CQg* 
* > * ^ ) * L ^ s m r f 
4- i i^ ^ AJjfn) 
r j 
£= /, — ; ! + / (52) 
coso/ , 
^ = (g)^j^*'>>* 
j = | , ~ , T + ' (53) 
for n = 1, . . . , M, and JR = b<--0/\J . The angle of attack is 
d = < +• ST sin(a-ir-2-
s/ 
(54) 
For convenience in numerical computation, the chordwise position X 
is evaluated at discrete points between x * = -| and x^» 4-1 9 
excluding the end points. Call these values X, then 






where R denotes the number of intervals of width AX between X = - I 
and X*"~ -V- I • Utilizing the result in Equation (32), the V-distribu-
tion may be converted to airfoil pressure coefficient as follows, 
&c CO = ,,2 .„. 
P a *• -rr V\~X" 
-TT(2.X'-l)]kZcoa(l.irft) (57) 
+ JL-.A(n) - 2.1T sir, Ot0X* -+ 2. AC« U 
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" C ' = l£j •i 
(58) 
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The constant A(iM (reference to the starting condition where the 
value of circulation is assumed to be Q ) follows directly from 
Equations (35)> (3&)5 and (37)> and may "be expressed in terms of the 
step function H as, 
/\(r\) = • [ r 4- P \4(n-k) - PH^-^)] (59) 
TT b L ° 
Therefore the term JC- A(n) in Equation (57) is given "by, 




c, = iL (61) 
It was noted earlier that the lift in a quasi-steady, circula-
tion preserving flow is proportional to the value of A. Thus, 
Equation (60) indicates a step change in lift at two instants of time 
during a cycle of motion of the airfoil. 
Since there are only steps changes in 'bound circulation, it 
follows from Equation (60) that 
C 4 = C i B (6a) 
where no vortices are shed, and 
h5 
C, = Ct. ± A C, (63) 
where a vortex is shed. 
The increment of circulation P is added for a vortex released 
from the trailing edge, and subtracted for a vortex released from the 
leading edge. Figure 7(h) depicts the behavior of lift coefficient 
with harmonic changes in angle of attack about a mean angle in the fully 
stalled regime. It is clear that the circulation preserving, vortex 
shedding exhibits a hysteresis loop. Beginning the cycle from the mean 
angle G(0, the airfoil proceeds to pitch up, maintaining constant lift. 
For the condition depicted in the figure, a vortex is released from the 
leading edge and the airfoil undergoes a sudden reduction in lift. The 
motion continues at constant reduced lift, pitching back down to minimum 
angle of attack, where a vortex is released from the trailing edge. 
This sequence of events generates a clockwise hysteresis loop and 
corresponds to a condition of negative damping. The amount of energy-
absorbed or dissipated represents the damping in the system and is 
proportional to the area enclosed by the loop. The sign of the damping 
depends on the direction of motion along the path. But these quantities 
are determined by just two parameters in the theory: the magnitude of 
circulation in the shed vortex, and the time of release of the vortices, 
i.e., the phase of shedding relative to airfoil motion. Thus, the 
damping in lift is entirely determined by these parameters. 
To demonstrate how this is so., consider the alternatives sketched 
in Figure 7. In Figure 7(a), the pitch-up motion progresses from the 
angle OCo? and a vortex of strength P is shed from the leading edge 
c, 
Figure 7. Effect of Vortex Shedding Phase on Lift Hysteresis Loop 
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"before reaching the maximum angle 0(Q-f- o( . The motion progresses 
following the step change in lift, through the maximum angle and 
continues to pitch down through 0( , the trailing edge vortex is shed 
before reaching the minimum angle 0(0— ©<. , and the lift is restored to 
the starting value before the cycle is completed. Part (b) of the 
figure depicts the situation when the vortices are shed at the limits 
of angular excursion. This clearly represents the limiting condition on 
the width of the hysteresis loop, and the depth is proportional to the 
magnitude of circulation released in the vortices. Part (c) of the 
figure indicates the conditions necessary for the generation of positive 
damping. If a trailing edge vortex is shed while (X "> 0(0, then the 
hysteresis loop is traveled in the counterclockwise sense. 
While it is clear that the process of circulation dumping cannot 
take place instantaneously, the representation just presented does 
describe the essential mechanism required of a circulation preserving 
system in order that a hysteresis loop be generated. The pitching 
moment associated with stall dynamics does not follow in simple closed 
form as did the lift coefficient. In order to evaluate the effect of 
vortex shedding on the hysteresis loop associated with pitching moment, 
it is necessary to consider the time history of the interaction of a shed 
vortex with the pressure distribution on the airfoil. Utilizing the 
result given in Equation (57), the moment coefficient is obtained by 
integrating over the chord for each time step. For numerical computa-
tion, the moment coefficient is obtained by summation as follows, 
kQ 
R-l 
cm= •±i'}rr(x:-x*)*cf,jx:)*x* ^ 
* 
where X denotes the point about -which the moment is taken. 
The time dependent "behavior of the computed pressure, lift, and 
moment coefficient will be further discussed in the next section. 
Analytical Results and Comparison with Measured Data 
The expression given in Equation (57) has been programmed for a 
digital computer, and the resulting pressure and moment coefficients 
computed for a large number of time points in the cycle of motion. In 
this section, the effects will he evaluated of varying the magnitude of 
shed circulation, H , or the corresponding A C , the relative velocity 
of propagation, U v , and the release time or shedding phase, on the 
airfoil pressure distribution and hysteresis response. The effect of 
the proximity of wake vortices is also examined. The pressure, lift, 
and moment data obtained by Liiva and Davenport [5] are convenient for 
qualitative comparison with the analytical results obtained here. In 
particular it is noted from the time histories of chordwise pressure as 
given in Reference [5] that there is a sudden loss of leading edge 
suction during part of the period of oscillation of the airfoil. In 
most cases where this behavior is observed, it takes place in a period of 
about one-thenth of a cycle. Figure 8, taken from Reference [5]> depicts 
the general behavior for a sequence of times following the onset of 
leading edge suction loss. Using the analytical model developed in the 
last section, the phenomenon of leading edge suction loss can be clearly 
0 20 kO 60 80 100 
x/c 
Figure 8. Experimental Pressure Distribution 
in Oscillatory Stall 
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demonstrated to occur with the sudden shedding of a discrete vortex from 
the leading edge. For example, using the flat plate data given in 
. /-\ 
Figure 4 to determine Or. , as discussed previously, and assuming the 
*• o 
condition U= 100 ft/sec, CVQ» 17.5°, 5L = 1.5°, and 4 = 30 cps, the 
timewise variation of chordwise pressure shown in Figure 9 results. 
For this case the values, ACK= .IO,UV/LJ = .60, were taken as reason-
able from a general consideration of test data given in previously 
cited investigations. For this case, two vortices are placed downstream 
from the leading and trailing edge separation points as described in 
the previous section. The leading edge vortex was released at maximum 
angle of attack and the trailing edge vortex was released at minimum 
angle of attack. Shown in Figure 9(a) is the pressure coefficient 
distribution for a sequence of times during the cycle of motion, the 
solid line denoting the distribution in the pitch-up motion just prior 
to release of the leading edge vortex. The loss of pressure recovery 
at the trailing edge is evident for this case, indicating a highly 
stalled condition. The second line indicates the pressure distribution 
shortly after release of the leading edge vortex, and shows that the 
vortex induces a large loss in pressure coefficient forward of its 
position at that instant. The dashed line indicates the pressure 
distribution at a later time when the vortex has moved farther aft. 
It can be seen that the greatest effect of the vortex on the pressure 
distribution occurs when the vortex is near the leading edge. This 
large decrease in leading edge suction compares with the behavior 
depicted in Figure 8. Figure 9Ob) is a sketch of the lift curve for the 
flat plate, showing the relative smallness of the lift hysteresis loop 
VJ1 
H 
Figure y. Flat Plate Theoretical Stall 
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for the hypothetical conditions in question. Both the width (± 1.5°) 
and the depth ( A -— r-./C) are small compared to the corresponding test 
values given in Reference [5]. Figure 9(c) shows the pitching moment 
coefficient, referenced to midchord, as a function of instantaneous 
angle of attack. The complex development of moment hysteresis for a 
fixed frequency of oscillation and vortex strength P , can be attributed 
to the combination of reference axis and vortex propagation velocity, 
assuming a fixed vortex shedding phase relative to angular position. 
The effect of shedding phase will be considered later, as will the 
further effects of vortex velocity. Considering the development of 
pitching moment in Figure 9(c), the value remains roughly constant dur-
ing the pitch-up motion, then drops sharply following the leading edge 
vortex release at maximum angle of attack. This occurs due to the 
sudden loss in leading edge suction which induces a pitch-down moment. 
As the vortex progresses downstream, the leading edge suction recovers 
and the pitch-up effect predominates, the vortex being near the moment 
reference axis. This causes the moment to increase above the up-stroke 
value, then as the vortex progresses past the midchord the moment again 
reduces, finally recovering at minimum angle of attack when the trailing 
edge vortex is shed. This, in turn, causes an overall rise in chordwise 
pressure and a stronger leading edge singularity. 
The above description of development of moment hysteresis 
emphasizes the importance of axis location for the condition of pure 
pitch. The remaining pitching moment calculations are referred to the 
quarter-chord of the plate, for this is the most commonly used reference 
point for aerodynamic data. 
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Conditions more closely approximating the test conditions 
indicated in Figure 1(a), as taken from Reference [5]? are used to 
generate the solutions for pressure distribution in Figures 10 through 
12. Estimated values of i_.w~1.25 and A^ ^ = .50 were taken from 
Figure 1(a). The condition, o^ = 17-5°, ̂ = 5 ° , t-7ee = 220 ft/sec, and 
T = 16 cps, was taken to approximate the test condition. The reduced 
frequency for this case is -f- = .̂ -55« The computer solution was generated 
for 20 times steps in one cycle of motion for 19 equally spaced locations 
between the positions X = - 1, K = + 1. Figure 10 shows the chordwise 
pressure distribution for a sequence of time steps in one cycle of 
motion. The values of n / N indicate the time, as a fraction of the 
oscillation period, for each pressure distribution, as defined in the 
previous section. The leading edge vortex is released at maximum angle 
of attack, corresponding to n/N = .25? and the trailing edge vortex is 
released at D / N = .75« The initial wake configuration contained two 
vortices convected from both the leading and trailing edges. For the con-
dition shown in Figure 10, the vortex convective velocity parameter, J^/LJ 
was taken as .80. The n/hJ = .25 curve denotes the pressure coefficient 
just prior to leading edge vortex shedding. The h/f\l= .30 curve shows 
the loss of leading edge suction and the rise in pressure immediately 
downstream of the vortex position. The r\/N = .50 curve indicates that 
the vortex has already passed the trailing edge position and the overall 
downward shift in the curve due to loss of bound circulation is apparent. 
The i':/N= .85 and Y)/hJ = 1.0 curves reveal an unusual effect, not generally 
observed in experimental data. After shedding of the trailing edge 
vortex, its effect is revealed in the neighborhood of the trailing edge 
J X 
Figure 10. ime dependent ,liordwise Pressure D i s t r i b u t i o n 
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•'igure 12. Time Dependent Chord-wise Pressure D i s t r i b u t i o n 
* 0 = 17.5°, * = 5 ° t U / U = .33 , C^= 1.25, A C £ = -50 
57 
as a sudden increase in pressure coefficient, tending to recover the 
Kutta condition. This behavior suggests that the strength of the shed 
vortex may "be unrealistically high or the assumption of discrete shedding 
in the immediate vicinity of the trailing edge is not a good approxima-
tion to the real circulation release process. The latter suggestion 
appears to be more reasonable, since the amount of circulation released 
in the neighborhood of the trailing edge should approximate, in absolute 
value, that released from the leading edge. While it is clear that the 
leading edge vorticity release occurs as a well-defined vortex, this 
may not be the case for the trailing edge, where the sheet of vorticity 
might travel well downstream before establishing complete roll-up. The 
trailing edge vorticity release would thus take place in a more continuous 
manner than the leading edge release. Further consideration will be 
given to the mechanism of wake development in the experimental section. 
Figure 11 depicts the pressure distribution for the same condi-
tions as in Figure 10 with the vortex convective velocity parameter 
reduced toU^/T_7= .50, or one-half the freestream velocity. The 
distributions appear to be generally the same in shape and magnitude 
as for the higher convective velocity condition, with the exception of 
the behavior near the leading edge. The fact that the drop in leading 
edge pressure is greater for the lower convective velocity is apparently 
due to the vortex being closer to the leading edge in this case, since 
the time increment is the same for both cases (n /M = .30), thus creating 
a greater local modification of the pressure distribution. Figure 12 
shows the effect of reducing the convective parameter to ̂ -WU — .33-
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The leading edge effect is very marked, there being a change in sign 
of the pressure coefficient near the leading edge. Again, the approxi-
mation of the real flow is apparent since the actual location of the 
roll-up of a discrete vortex is slightly downstream of the leading 
edge as can be seen in Figure 3. Whereas the present analysis assumes 
release to occur at the leading edge. The pitching moment coefficient 
versus angle-of-attack graphs for the three convective velocity condi-
tions just discussed are given in Figure 13. Part (a) of the figure, 
for Uy/ZJ = .80, shows a large positive damping loop and a small 
negative damping loop, which occurs in the up-stroke motion. Compar-
ing parts ("b) and (c) for \JV/13 = .50 and 11^/0= .33 respectively, the 
obvious trend is toward decreased positive damping with decreasing 
convective velocity. It should be recalled that the damping in lift 
is negative for all these cases since the leading edge vortex was 
released at maximum angle of attack and the trailing edge vortex 
released at minimum angle of attack. Comparing the results of 
Figure 1(a) for about the same experimental test conditions with the 
analytical results for pitching moment, it can be seen that the two are 
quite different in shape. One obvious difference between the two is 
that the experimental moments given in Figure 1 are referenced to the 
37-5% chord location whereas the analytical results are referenced to 
the 25% chord location. The importance of moment reference point has 
been noted previously. In view of the trend toward increased negative 
damping, i.e., reduction in size of the positive damping loop, with 
decrease in vortex convective velocity, it is implied that the experi-
mental convective velocity is less than one-third of freestream 
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velocity, the case depicted in Figure 13(c). It will be recalled that 
in the "background discussion of experimental results on the velocity 
of propagation of a stable array of vortices in the wake of cylinder, 
the approximate value LJy = .8111,̂ , was found. The large discrepancy 
between this value and the value implied above may depend on the 
difference in near-wake characteristics of a stalled airfoil and a 
cylinder. Further discussion of this point will follow the experi-
mental results. 
Another factor of importance is the phase of leading and trailing 
edge vortex shedding relative to airfoil position. In terms of phase 
angle relative to the airfoil angular oscillations, the results of 
Equation (60) may be interpreted as phase angles <p and <p , 
defined as follows 
?!•, = 3<S° 7 T (65) 
which defines the phase in degrees from the beginning of a cycle until 
the release of leading and trailing edge vortices respectively. The 
effect of shedding phase on pitching moment is demonstrated in 
Figure Ik. The same condition depicted in Figure 12 for pressure 
distribution and Figure 13(c) for pitching moment coefficient is shown 
except that the shedding phase has been varied. The solid line, for 
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leading edge shedding occurs during pitch-up at an angle of attack of 
21.5°j that is, one degree below the maximum angle, and (p r ^ , = 5^°, 
which is two degrees above the minimum angle of attack. In this case the 
the phase shift between shedding of leading and trailing edge vortices 
is l62°, whereas l8o° shift has been used for all previous cases. 
For such conditions it is necessary that the lift hysteresis loop be 
unsymmetrical with respect to the mean angle of attack, that is, the 
loop would be similar to condition (a) depicted in Figure 7 except 
that the center of the loop would be shifted to the right due to the 
recovery of lift at an earlier angle, that is, at a higher angle, in 
the downstroke. The dashed line, for rr)/hj= .35, x/f\J= ,85, represents 
a delay in vortex shedding, so that the leading edge vortex is not 
released until maximum angle of attack is reached and the downstroke 
has begun, the release occurring at 21.5°5 and <pxt, = 126°. The 
trailing edge vortex is delayed in this case by the same amount as the 
leading edge vortex, being released after attaining minimum angle of 
attack, at 13.5°? and <pj+J
 = 306° . It can be seen that the effect of 
delay is to cause the loop to become entirely clockwise, that is, 
destabilizing. It is clear from comparison of the two conditions of 
shedding phase that moment stall response is critically dependent on 
this parameter. 
It was noted in discussing the steady stall pressure distribution 
that relaxing the Kutta condition required a forward movement of the 
trailing edge stagnation point, leading to a progressively stronger 
trailing edge singularity as depicted in Figure 6. However, experimen-
tal data as shown in Figure 8, and additionally in Reference [5]5 do 
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not reveal this type of trailing edge behavior. As shown in Figures 
10, 11 j and 12, the time dependent; 'behavior of the trailing edge 
pressure is such that significient fluctuations occur in the asymptotic 
region near the edge. This suggests that in the mean, vorticity shed 
from the two airfoil separation points has a modifying effect on the 
"steady" pressure distribution. Figure 15 shows the pressure distri-
butions resulting from placing initially two vortices downstream of 
the airfoil and then four vortices. The condition shown is Uv/L7= .33? 
C*0 = 17.5°, <5L = 5°, k = .^55 (-P = 16 cps), C(o= 1.25, AC*= .50, 
and n/N = .25. This is, pitch-up motion is taking place just prior to 
release of the leading edge vortex. The solid line is the condition 
1 = 2 , 3" = 2, that is, there are two downstream vortices along the 
leading and trailing edge wake trajectories. This condition is the 
same as that shown as the n/Kj= .25 curve in Figure 12. The closed 
line is the condition I = 1, T = 1, that is, one vortex is placed 
downstream along each trajectory. For the latter condition the upper 
vortex is located 1.25 chordlengths downstream from the trailing edge 
and the lower one is 1.05 chordlengths downstream from the trailing 
edge. For the former condition there are vortices along the upper 
trajectory at 1.25 chordlengths and 3*55 chordlengths and at 1.05 and 
3.35 chordlengths along the lower trajectory. Although this constitutes 
a highly idealized representation of the near wake, the details of which 
will be discussed in a later section, it serves to demonstrate the 
effect of downstream vortices on airfoil pressure distribution. It 
appears that accounting for the wake, as represented here, causes a 
slight increase in negative pressure near the trailing edge, without 
6h 
1=2, J = 2 
Figure 15. Effect of Downstream Vortices on 
Airfoil Pressure Distribution 
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changing the total lift. This result conforms more closely with 
measured mean stall pressure distributions. Thus the implication is 
that a true "steady-state" theory, as given "by Equation (^3)5 is 
inappropriate and the effects of wake vorticity must be accounted for 
in computing the mean pressure. This conclusion should be anticipated 
since stall flow is inherently unsteady. 
The computations just presented point out the importance of 
several parameters in determining unsteady stall behavior. The 
magnitude of shed circulation, the velocity of propagation of the 
vortex along the airfoil chord, and the phase of vortex shedding 
relative to the airfoil motion, are all important in establishing 
whether energy is added to the motion or dissipated, and to what 
extent. The analytical solution has been shown to approximate observed 
experimental behavior in terms of the "anomalous (Zn, -loops" referred 
to in earlier investigations [7] using only the concept of conserva-




The primary purpose of the experimental investigation was to 
evaluate the effects of airfoil oscillatory motion on the time dependent 
structure of the fully stalled near-wake. "While there have been several 
extensive experimental studies of the behavior of airfoil aerodynamic 
loading in oscillatory stall, little attention has been devoted to the 
response of the airfoil wake under prescribed oscillatory conditions. 
Consideration of airfoil wake structure is important from the stand-
point of further understanding the mechanism of stall dynamics and in 
determining the time dependent behavior as it affects the important 
problem of stabilizer buffet. Studies of the effect of transverse 
oscillation of a cylinder in a uniform flow indicate the existence of 
a Strouhal resonance, as discussed earlier. It was also noted that 
statically stalled airfoils and flat plates exhibit a characteristic 
vortex shedding frequency, which can be related to an equivalent 
Strouhal number. Thus, it is anticipated that an airfoil would exhibit 
a similar intensification of loading as was observed for the cylinder. 
However, it is apparent from considerations of the previous section that 
an airfoil may shed discrete vortices at frequencies other than that 
corresponding to Strouhal resonance. Since the analytical results 
indicated that the anamalous airfoil loading behavior could be explained 
on the basis of discrete vortex shedding, it becomes desirable to test 
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for the presence of such vortices under controlled conditions. Two 
questions are suggested: 
(1) Under what conditions of velocity, mean angle of attack, 
and frequency of oscillation will the near wake exhibit 
discreteness? 
(2) What is the structure and energy level of the wake correspond 
ing to the conditions of discreteness? 
The tests conducted as part of this research were designed to measure 
unsteady wake pressures for selected mean angles of attack, wind tunnel 
speed, and frequency for a fixed, small magnitude of oscillatory angle. 
These parameters were varied within the constraints imposed by the 
experimental arrangement to include combinations approaching the condi-
tions of Strouhal resonance and extending to values approaching those 
used in other airfoil tests, for purposes of correlation. 
Experimental Arrangement and Data Handling 
Wind tunnel tests were conducted in the wind tunnel of the School 
of Aerospace Engineering, Georgia Institute of Technology. The tunnel 
has a circular test section with a diameter of nine feet. The maximum 
test section velocity is in excess of 200 feet per second. Tests were 
run for speeds ranging between 50 feet per second and 180 feet per 
second. The test airfoil was a NACA 0012 section with a chordlength of 
one foot; the span was 2.5 feet. The airfoil was fabricated using an 
aluminum plate with lightening holes, then a balsa wood section was 
bonded to the frame, thus providing a minimum weight, high-stiffness 
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dynamic test article. A one-inch diameter shaft was attached to each 
end of the airfoil at the 50$ chord location, and the assembly was 
mounted in an A-fram test rig through "bearings on either side. Large 
aluminum end plates were mounted in the frame to approximate two-dimen-
sional flow conditions. The problem of approximating two-dimensional 
flow in wind tunnel testing is always difficult to resolve. In the 
present case, mechanical design constraints prevented the use of increased 
airfoil span, which usually contributes to a better approximation of 
two-dimensional flow. Two factors alleviate the problem for this 
investigation. First, since the wake measurements are taken in a 
vertical plane passing through the airfoil mid-span, it is expected that 
symmetry will cancel some of the three dimensionality. Secondly, an 
investigation similar to the present one but using a transversely 
oscillating cylinder [37] resulted in hot wire anemometer surveys in the 
spanwise direction demonstrating a high degree of coherency (two dimen-
sionality) when the cylinder was placed in oscillation. The conclusion 
was that vortex shedding under oscillatory conditions forced the 
coherency. It is expected that this effect would be preserved for the 
case of a stalled airfoil. Figure 16 shows the complete test rig 
mounted in the wind tunnel. The view is looking downstream at the test 
arrangement. The base of the model was secure to the tunnel through 
two steel beams and additional bolts were extended downward through 
the tunnel wall to further minimize structural vibration. The drive 
system was powered by a one-horsepower electric motor with a variable-
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io-ure 16. Downstream View of Experimental Arrangement in Wind Tunnel 
Fig 
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speed, variable-torque controller. The motor was connected through 
pulleys to a flywheel, as shown in Figure 17, a pushrod leading from 
the flywheel to the input moment arm provided a fixed ±1.5 degree 
oscillatory angle. The mean angle was adjusted by changing the pushrod 
length. The maximum frequency attainable with the system was 30 cps. 
Initial tests run with the model after installation in the wind tunnel 
revealed severe structural vibration problems. Additional flywheel 
balancing, correction of moment arm side bending, and installation of 
a 5/8-inch-thick base plate under the model reduced the problem 
considerably. However, there remained a structural resonance at about 
25 cps which was apparently driven by pitching of the drive motor on the 
base plate. This was alleviated by installing a rigid rod between motor 
frame and the forward part of the base plate, as seen in Figure 17. A 
noticeable, but not severe, vibration amplitude remained at 25 cps, so 
this frequency was not included in the test conditions. 
Instrumentation consisted of five absolute pressure transducers 
mounted downstream of the airfoil, two pressure transducers measuring 
the difference between upper and lower surface pressure on the airfoil 
at 15$ and 85$ chord locations, and a differential transformer attached 
to the moment arm and frame to measure airfoil displacement. The air-
foil transducers, mounted at mid-span, are of the solid state type, with 
a .25-inch diameter sensing surface. The absolute pressure transducers 
were .125 inches in diameter and .031-inches thick. The vertical probe 
on which these transducers were mounted is seen in Figure 17. These 
transducers were mounted on the surface of a knife-edge extension of 
the forward extending probes, so that their sensing surfaces were in a 
-<] 
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Figure 17. E x t e r i o r View of Experimental Arr angement i n Wind Tunnel 
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single v e r t i c a l plane. One of the transducers was placed in horizontal 
alignment with the pi tch-axis of the a i r f o i l . The other four were 
symmetrical displaced at four-inch in tervals above and below the p i tch-
axis plane. 
The power supply for a l l pressure transducers was obtained from 
dry c e l l b a t t e r i e s . Each transducer was connected to a four-lead, 
multiple-shielded cable, providing input voltage to the bridge with the 
output returned to the amplifier system. Each cable was provided with 
a floating ground referenced to the chassis of the bank of amplifiers, 
t h i s a l leviated the problem of e lect ronic noise. Operational d .c . 
amplifiers were used to provide the signal gains required for the 
transducer outputs. 
The data acquisi t ion system is shown in the photograph of Figure 
18. An Ampex Data Acquisition System, Model 100, was used to record 
sevel channels of data on FM tape. Real time monitoring was provided 
through a four-trace oscilloscope housed in the DAS-100. A Sanborn 
eight-channel recorder was used to obtain v isual recordings of time 
h i s t o r i e s . Figure 19 presents a schematic of the data acquisi t ion 
procedure. Due to the tape recorder capacity of seven FM channels of 
data, i t was necessary to choose seven channels from the eight t r ans -
ducers. Since the t e s t s were intended primarily to invest igate wake 
behavior, the d i f f e ren t i a l transducer at 15$ chord was considered of 
less value than any of the others and was recorded visual ly only. The 
absolute transducer outputs were reduced to f luctuation about a zero 
mean before amplification. This was convenient since the necessity of 
rebalancing the d .c . amplifiers was avoided when changing tunnel speeds. 
-̂  
uo 
Figure 18. Data Acquisition and Monitoring System for Wind Tunnel Data 
lh 







Figure 19. Schematic of Data Acquisition System 
75 
Also, the tests -were intended only to study unsteady effects, so that 
mean pressures were not of interest. Details concerning instrument 
calibration and amplifier characteristics are given in Appendix B. 
Following the recording of transducer time histories visually and 
on tape, the next step in data processing was to digitize the analog 
signals as given on tape. That is, the continuous recording of voltage 
versus time was sampled at discrete points in time, thus providing the 
data in a form which could be processed on a digital computer. For 
this purpose a CDC 6^00 hybrid computer was used. Tape channels cor-
responding to wake transducers one through five, and the airfoil trans-
ducer at 85$ chord, were fed into the analog console of the computer. 
The analog section of the computer was patched with a high-pass, four-
pole Butterworth filter with breakpoint (the point at which the filter 
begins to roll off) at 2.5 cps and a low-pass filter with breakpoint 
at 90 cps. This electronic filtering system ensured the removal of 
extraneous d.c. components and high frequency noise. 
The signal from the differential transformer was a modulated 
J+00 cps carrier and could not be processed directly. A tracking filter 
was used to generate a sine wave in phase with the airfoil motion, and 
this was applied to the digitizing process. Each channel of data was 
passed through identical filtering, so that no relative phase shifting 
could occur. This was necessary since cross-spectral computations 
were to be made. After filtering, the data channels were sampled and 
digitized at a rate of 200 samples per second. Sample length on all 
digitized records was 51 seconds. Each record was subdivided into 
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20 equa l l eng th segments, t hen each segment was Four ie r t ransformed 
by numerical means. The power spectrum i s obta ined from the d i s c r e t e 
Four ie r t ransform by 





- r i 
f - t cOt ,y_ 
p(cO) = \ A-pf-L) e e f t (68) 
-7 
P *"Cc-̂ \) i s t h e complex conjugate of P(cd) , and the i n t e r v a l from - T 
t o + 1 i s t he record l eng th . S i m i l a r l y , the c ross -spec t rum between two 
p r e s s u r e s p t and p„ i s found from 
I (o } - -J— P(co) Pz CO) (69) 
This quantity is in general complex and was used in the present study 
only to establish the phase relationship between the pressures measured 
at different spatial locations. The numerical scheme used to obtain the 
Fourier transforms described above is based on an algorithm developed 
by Cooley and Tukey [31] • An excellent introduction to this technique, 
called the "Fast Fourier Transform," and its application, is given by 
Bergland [32]. The method allows a significant reduction in computer 
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time required to obtain spectra from time history data. 
The power spectra, presented in the following section, were 
computed for frequencies up to 100 cps. The spectral data obtained from 
the computer were recorded on tape, then read into an automatic plotter 
which generated semilog plots of power spectrum versus frequency in 
radians/sec. The spectra were computed and plotted at intervals of 
k radians/sec. The spectral amplitudes are defined in the usual sense 
as mean square amplitude divided by radian frequency, so that the con-
tribution of fluctuating pressures with frequencies between a), and u)2 
to the root mean square deviation of pressure from the mean value is 
given by 
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The power spectra were numerically integrated over the range from 2.5 
cps to 100 cps, and the resulting rms pressures are provided with each 
computed spectrum. 
Experimental Results and Discussion 
Time history data were obtained from all pressure transducers 
(transducer numbers one through seven) and the airfoil position signal. 
Test conditions included three mean angles of attack, 0(, = 15*°? 17• 5° > 
20.°. The oscillatory angle was fixed at ± 1.5°. The oscillatory 
angle was significantly smaller than typical values used in previous 
airfoil stall tests. Wind tunnel speed was varied from 50 f"ps to 180 fps 
78 
The lower speed limit was dictated "by instrumentation sensitivity (see 
Appendix B) and the upper limit was due to tunnel surge, which began to 
appear at about 200 fps. The surge onset was observed only for the 
static, 20° angle-of-attack condition. A 10$ reduction in maximum 
speed was sufficient to restore steady tunnel flow, with a margin of 
20 fps. The frequency of airfoil motion was varied from static to 30 cps. 
Generally, the frequencies recorded were r = 0, 5*0, 10.0, 15.0, 20.0 and 
30.0 cps. However, intermediate frequencies were sometimes recorded 
when visual monitoring of oscilloscope traces of wake pressure signals 
indicated that discrete wake response might be present. Two wake probe 
positions were used in the test series; speed, frequency, and mean 
angle-of-attack sequence were run first with the probe located one 
chordlength downstream from the airfoil trailing edge, then repeated 
with the probe located three chordlengths downstream. For the two 
probe positions, wind-off tests were conducted to determine the pressure 
at the probe under zero flow conditions. Visual monitoring of the probe 
transducer outputs during a frequency sweep from static to 30 cps 
revealed negligible response; consequently, wind-off corrections were not 
included in the data reduction. 
The wake pressure data presented here are for the three chordlength 
position only. Evaluation of the pressure measurements at one chord-
length downstream and at three chordlengths downstream indicated that 
characteristics of the time-dependent pressure field are preserved over 
the two chordlength distance, although higher frequency harmonics of 
pressure appear more sharply defined nearer the airfoil. To illustrate 
briefly, Figure 20 presents the power spectrum of fluctuating pressure 
79 
TRANSDUCER NO. k 
1 CHORDLENGTH 
3 CHORDLENGTHS 
F i g u r e 20 
300 i]O0 500 600 
FREQUENCY - RAD/SEC 
Power S p e c t r a f o r Two Wake P o s i t i o n s 
Showing E f f e c t of S t r eamwise P o s i t i o n 
8o 
at the number four probe location at one chordlength downstream (the 
probe numbers are identified in Figure 19). The particular test condi-
tion is Q(0= 15° , U = 180 fps, -f = 20 cps. Several higher harmonics 
are clearly present in the spectrum. These harmonics are less sharply 
defined at the three chordlength position. An interpretation of the 
harmonics will be given later. Data for the three chordlength position 
were chosen for detailed analysis, since the wake structure as it 
relates to stabilizer buffet was considered of importance. Figure 20 
shows the spectrum for the same test condition, but at three chordlengths, 
superimposed as a dashed line. The remainder of the spectrum lies below 
the scale of the graph. 
Figures 21, 22, 23, and 2k present time histories chosen to 
demonstrate the effect of oscillation of the airfoil on the pressure 
measured by the various transducers. Because of differing gains used on 
the Sanborn recorder channels, the several graphs are not at the same 
scale so that amplitudes shown are not representative of actual values. 
Plots from top to bottom correspond to the wake transducers numbered one 
through five respectively. The bottom trace in Figures 22 and 2k is 
the airfoil position indicator. The nature of the airfoil signal is 
such that the spike on the lower side of the trace corresponds to the 
maximum angle-of-attack position. The airfoil motion is sinusoidal, so 
that the position signal should be regarded only as a marker. Figure 21 
shows the condition ^ 0 = 17.5° 9 £-^>
= 60 ?VS> a_t three chordlengths, 
and T = 0 cps. Figure 22 shows the same condition except -f =15.0 cps. 
It should be noted in this figure that plotter gains have been reduced 
such that comparisons cannot be made of the amplitudes. However, power 
iy*%y^ 
Figure 2 1 . Sarrmle Wake Pressure T k e H i s t o r i e s , 
Oce= 1 7 . 5





y v ^ vwMi ̂ vwSjw^v v 
MOTOR 
Figure 22. Sample Wake Pressure Time Histories 
OCo= 17.5% T J ^ 60 fps, f = 15.0 cps 
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Figure 23 . Sample Wake Pressure Time H i s t o r i e s , 
CXD= 17.5° ,U W = 180 fps , f = 0 cps 
Qk 
Figure 2k. Sample Wake Pressure Time Histories, 0Co= 175' 
U= 180 fps, -P = 30.0 cps 
85 
spectra and rms pressures that will 'be given later show the relative 
amplitude at each frequency. It is evident in comparing Figures 21 
and 22 that a significant increase in discreteness of the signal occurs 
under oscillatory conditions. Figure 23 shows the static "behavior with 
increase in freestream speed. The test condition is the same as above 
except that U^ = 180 fps. Sharp, irregular peaks are evident, 
especially at positions one, two, and three, indicating strong non-
periodic disturbances. The lower side of the wake shows greater high 
frequency content, indicating a more turbulent condition. Figure 2k 
shows the highly periodic structure resulting when the condition given 
in Figure 23 was changed from static to oscillatory, with -f" = 30»0 cps. 
The fundamental response is the same as that of the airfoil frequency, 
with some sub-harmonic response evident. The higher harmonics, while 
not discernible from the visual traces, can be seen in the spectral 
distributions to be presented later. Visual examination of all the 
time histories of wake response indicated that, in general, the effect 
of increase in airfoil frequency was to increase the discreteness of 
the wake. 
Figures 25 through 28 present the power spectra corresponding to 
the time histories given in Figure 21 through 2k. These spectra have 
been "smoothed" by plotting a mean line through the raw spectra as 
obtained from the computer. Appendix C presents computer spectra, 
without smoothing, for a large number of test conditions. Note that the 
power spectra exhibit sharp, low amplitude fluctuations imposed on the 
true spectral distributions. This is a result of the numerical process-
ing and does not represent measured data. This effect is further 
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discussed in Appendix C. Figures 25 and 27 present power spectra of 
fluctuating pressures at the number two probe location for the static 
condition, CVS = 17.5°, and freestream velocities TJ^ = 60 fps and 
180 fps respectively. Figures 26 and 28 are the same conditions 
except -f = 15 cps and -f = 30 cps respectively. Note that all these 
spectra refer to the number two transducer, which is the time history 
labeled P ^ ) i-n Figures 21 through 2k. Figures 26 and 28 are presented 
here only to show the effect of airfoil motion. The question of 
coincidence between natural and forced Strouhal number will be considered 
later. The ordinate has the dimensions of pounds per square inch 
divided by radian frequency, so that the area under the curve represents 
the mean square pressure, as discussed previously. These plots show a 
relative peaking followed by a roughly linear drop-off in amplitude. 
The peak represents the natural vortex shedding frequency for bluff 
bodies. It was found that the peak is not always well defined, but 
instead somewhat flattened or smeared. Some broad-bandedness may be 
expected due to the Reynolds number regime of the tests. However, for 
most conditions tested the peak was sufficiently well defined to permit 
calculation of the Strouhal number. 
Using the spectra of Figures 25 and 275 and the additional spectra 
for static conditions given in Appendix C, the Strouhal number is 
computed from 
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Figure 27- Sample Power Spectrum of Wake Pressure 
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Uao= 180 fps , -P = 30 cpj 
TRANSDUCER NO. 2 
RMS = 3.153 = 10"2PSI 
Figure 28. Sample Power Spectrum of Wake Pressure 
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where the frequency Ki , in cycles/second, i s obtained from the median 
peak frequency as evidenced in the spectra. The spectra for the number 
two probe at three chordlengths downstream are used for the calculat ion. 
Table 1 presents the resu l t s for the three angles of attack and for 
speeds varying from 50 f*ps to l8o fps. Conditions for which a peak was 
not evident have been omitted from the t ab l e . Figures 25 and 27 are 
marked with an arrow to indicate the author 's judgment as to the best 
average location of the Strouhal peak frequency. Such conditions 
primarily occurred at the 15° angle-of-attack pos i t ion . Table 1 also 
presents the t e s t Reynolds number, which was computed without correction 
for wind tunnel turbulence factor . R i s the Reynolds number based on 
chordlength and R £ i s the Reynolds number based on projected chord, 
i . e . , 
R = U°° C (72) 
-y 
Re = jJ* c sino^ (73) 
y 
Thus R^ is comparable to a cylinder Reynolds number, as discussed 
previously. The Reynolds number range of the data is from 312,000 to 
1,125,000. The computed values of natural Strouhal number range from 
.10 to ,lk, and generally increase with angle of attack. The values 
obtained here are in general agreement with the values obtained by 
Tyler [21], Kryzwoblocki [22], and others at comparable Reynolds numbers. 
The value of shedding frequency is difficult to determine exactly due to 
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Table 1. Computed Na tu ra l S t rouha l Number from 
Wake Spectrum of S t a t i o n a r y A i r f o i l 
oC0 U^ Sin^0 M Rxld"
5 R e*ld
5 Sn 
15.0 50 .258 19 .1 3.12 . 8 1 .10 
15.0 60 .258 27.8 3.75 .97 .12 
17.5 50 .300 16.0 3.12 .9h .10 
17.5 60 .300 23.9 3.75 1.12 . 12 
17.5 80 .300 35.8 5 .0 1.50 . 13 
17.5 100 .300 kk.6 6.25 1.87 . 13 
17.5 lijO .300 56.0 8.75 2.62 . 12 
17.5 180 .300 71.6 11.25 3.38 .12 
20.0 60 .3^2 22.3 3.75 1.28 . 13 
20.0 100 .3^2 *a. 5 6.25 2.1k .Ik 
20.0 iko .3^2 5^.0 8.75 3.00 . 13 
Note: Average value of S n from the above da ta i s .12 
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the broadband spectral behavior. The procedure used here was to 
estimate the center frequency of the band visually. Figures 29, 30, and 
31 present the variation of root mean square pressure coefficient with 
forced Strouhal number for 0(o= 15° > 17«5°> 20°, respectively, for the 
various airfoil frequencies. The root mean square pressures for trans-
ducer number one were used to generate these graphs. The objective was 
to show wake intensification as a function of forced Strouhal number, 
so that only one of the several transducers need be used for this 
purpose. This will become apparent from the pressure profiles to be 
presented. Also indicated on these figures is the average value of the 
Strouhal number for natural vortex shedding, as taken from Table 1. 
Velocity was selected as a parameter on the graphs, for there is 
a consistent reduction in fluctuating pressure coefficient with increase 
in velocity. The fluctuating pressure as percent of freestream dynamic 
pressure was found in general to decrease with increasing dynamic 
pressure. The data show relative intensification for two Strouhal 
i 
numbers, some of the curves showing a maximum in the range Sr = «05 to 
i 
.06 and again, where the data range permitted, a maximum in the range 
.11 to .1^. It is difficult to estimate from the available data exactly 
where the higher Strouhal number peak occurs. For the condition <X0= 
17.5°, the highest value of forced Strouhal number was obtained, as 
seen in Figure 30. For the condition U ^ = 50 fps and r = 30 cps, a 
value of ^^ = .18 resulted. It appears that the Uoo = 50 fps graphs 
may attain a maximum between 9c = »H and S - = .18. In the same 
figure the TU-© = 60 fps graph shows intensification at about S^= .0753 
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Figure 29. Root Mean Square Pressure Coefficient 
Versus Forced Strouhal Number, 0(.o = 15
0 
Transducer Number One, ( y — l\-.*t') 
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Figure 30. Root Mean Square Pressure Coefficient 
Versus Forced Strouhal Number, ^ 0
= !7«5°j 







o = 6o fps 
A - 8o 
V = 100 
O = 11*0 
Figure 31. Root Mean Square Pressure Coefficient 
Versus Forced Strouhal Number, 0Co= 20°, 
Transducer Number One, ( V? - k.k) 
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exciting frequency. From the available data at £J = 50 fps, this 
could occur at a Strouhal number of about twice the above value or 
"o „. = .15. From the average natural Strouhal number indicated on 
the figure, this is seen to agree reasonably well with values computed 
from static spectra. This observation for the one condition where 
airfoil oscillatory data bracketed the natural shedding range tends to 
verify that a significant amplification of wake fluctuation occurs 
under the condition of airfoil/wake resonance. The observed occurrence 
of the peak at about one-half the natural shedding frequency is unantici-
pated and apparently is a result of the highly nonlinear mechanism of 
natural vortex shedding coupled with the oscillatory forcing mechanism 
of the airfoil. It is evident that the intensification at the lower 
Strouhal number is not always well defined for the higher speeds. 
However for the 0(0 = 20° condition, it can be seen that the peak is 
well defined at both VĴ . = 100 fps and "J^, = 1̂ 0 fps, where it occurs 
at S* = .05, though the highest values of ^, attained did not reach the 
average value :-~,^ = .12. 
Aside from Strouhal resonance considerations, an important result 
to be observed is that airfoil motion of almost any frequency causes a 
significant increase in wake fluctuating pressure. As is evident from 
the power spectra, this increase occurs at discrete frequencies. It 
is noted that some lower frequencies tend to decrease overall wake 
fluctuation, particularly at the lower speeds. However the higher 
speeds appear to always increase fluctuating pressure with increasing 
frequency. 
Considering the dynamic condition as represented in Figures 26 
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and 28, it is clear that airfoil oscillation imposes a highly discrete 
wake response at the same frequency as that of the airfoil. In some 
cases one or more higher harmonics are evident in the spectrum. The 
detection of the presence of the harmonics generally depends on the 
location of the probe and on the frequency of airfoil oscillation. An 
examination of the raw power spectra in Appendix C reveals that the 
harmonic spikes appear above 15 cps and are strongest at 30 cps. 
That vortex propagation can produce the observed harmonics may be 
demonstrated by assuming the presence of either a single or a double 
row of point vortices and computing the pressure field associated with 
the propagation of such a pattern past a fixed point in space. Follow-
ing is the development and solution of such a model. 
Model for Discrete V7ake Vortices 
The complex potential of two rows of equidistant vortices, 
staggered as shown in Figure 32, is given by [15]? 
•ur= ir\\» ^la-L^-u --\^(i-%^^)} CM 
where b is the lateral spacing between rows, (X. is the longitudinal 
spacing, P is the strength of one vortex, and the coordinate system 
is fixed relative to the array as shown in the figure. The induced 
velocity components are obtained from 
- U + i V = -2J±f (75) 
da 
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Figure 32. Vortex Wake Geometry 
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where '<• L i s the velocity in the x-direct ion and "U" is the velocity in 
the y-di rec t ion . Performing the indicated operation and simplifying, 
the following resu l t s are obtained for U and T'" in terms of the coordi-
nates V and \A, , 
U = 
X [ g j j n i J s l i a t ^ _ s i n l . S f c l - b ) 
£a \co-M^(^b)-t cos aiL* co--Um^^-bV cos £H* 
(76) 
A A ) :^ZL(-X}4.b)+ cos * £ * :.04,3T(^-b)- co5 ^ 
Letting the array of vortices propagate in a fixed pattern downstream 
with the velocity Oy, the coordinate X is written as 
X =. Uv t (78) 
where t i s taken equal to zero when the configuration is that shown in 
Figure 32. Then the pressure at a fixed point in space as a function 
of time i s computed from 
^p(±)^ ^U^LL + ±{ (<4>+-LT*L) (79) 
where only the fluctuating par ts of •• u and V are used. The above 
resu l t follows d i rec t ly from Bernoull i ' s equation, af ter noting that the 
velocity of the mean flow in the neighborhood of the wake i s ZJV and not 
t..T, . Thus A }( + ) i s s t r i c t l y the time dependent part of the wake 
pressure. 
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For vertical positions not lying at u — "£ b/ii . Equations 
(76) and (77) may "be expanded in a Fourier series and substituted into 
Equation (79)• This will demonstrate the harmonic nature observed in 
the measured spectra. However, for computational convenience, a more 
direct approach is used here in order to demonstrate wave form and mean 
square pressure distribution in the wake. An electronic analog computer 
was used to compute the fluctuating pressure directly from Equation (79)? 
utilizing Equations (76) and (77)• The details of the computation are 
given in Appendix D. Equation (79) can be written in the following form 
where the quantities U / T/^ .»and Vy fy^ are functions of position only. 
Thus the nondimensional parameter XOXJ / P measures the convective 
effect. When the velocity of propagation of the vortex array is large 
and the strength of the vortices is low, the convective effect, that is, 
the first term on the right in Equation (80), predominates. The effect 
of this parameter on the fluctuating pressure time history is depicted 
in Figure 33? for the position t-ji- = 0 . The change in harmonic content 
as Us A LTV / P varies from 10.0 to 40.0 is significant as evidenced in 
the time histories. Figure 3̂- depicts the pressure time history for 
several transverse locations in the upper half of the wake for the case 
%(\\JV- / P - 10? where the wake is symmetrical. Because of computer 
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scales as shown in the figure, but the change in frequency content -with 
position is clear. Near the -wake center, frequency doubling is evident, 
with positions further from the center containing less of the higher 
harmonics and approaching sinusoidal shape. For the ideal or potential 
vortex, the pressure must be unbounded at the positions ty — ± b/2. 
At these positions the vortex centers periodically produce infinite 
pressure since the velocity at the vortex center is infinite. 
Comparison of Vortex Model and Experimental Results 
A comparison of Figures 25 through 28 reveals that there is only 
slight modification of the spectrum due to airfoil motion. The funda-
mental and first harmonic of pressure are seen to bracket the Strouhal 
frequency, and there is a modification of spectral shape in that neigh-
borhood, with a spike appearing at the Strouhal frequency. For 
frequencies of airfoil oscillation not near the Strouhal frequency, it 
can be seen from a comparison of Figures 27 and 28 that there is less 
change in the overall spectral shape with the spectral content of wake 
oscillation being contained in a very narrow frequency band centered at 
the frequency of airfoil motion and integral multiples of that frequency. 
For example, a calculation of the area contained in the spike regions to 
the area added over the remainder of the frequency range in passing 
from the static condition in Figure 27 to the oscillatory condition in 
Figure 28 (a measure of contribution to mean square pressure) indicates 
that about 98^ of the area addition lies in the spike regions. This 
suggests a delta-function approximation for the dynamic spectrum. 
An approximation of this type was suggested by Liepmann [26] for 
the velocity spectrum in the wake of a cylinder shedding vortices 
105 
periodically. Thus, in the present case of a pressure spectrum the 
relation is of the form 
$ (CO) - & (V) 4- >_ SllSi^-CcO,) (81) 
where <J) ( .̂)) i s the power spectrum for the s t a t i c a i r f o i l condition. 
" Fo 
th 
A c is the amplitude of the i harmonic, CO, i s the frequency of the 
fundamental or a i r f o i l drive frequency. The upper l imi t , H , on the 
number of harmonics wi l l generally be small, in the present case for 
the three chordlength data not exceeding n — 2- . The area under the 
th i spike in the measured spectrum may be taken approximately equal to 
/\~- / :,., . I t i s noted that the use of Liepmann's de l ta function 
approximation in the present invest igat ion implies the existence of a 
vortex wake. 
Concerning the s t a t i c spectrum, c£ (zO) ? i t i s noted from the 
t e s t spectra that in general the spectrum decreases l inear ly with 
frequency for the higher frequencies and in par t i cu la r for frequencies 
greater than the natural Strouhal frequency. Further, comparison of 
s t a t i c spectra for the number two and number four transducers shows a 
marked difference in the ro l l -o f f ra te for the two. 
Figure 35 presents a comparison of spectra for the two wake 
locations for a typ ica l case, 0<0 = 17*5°? "CT̂  = 80 fps. I t is seen 
that for frequencies greater than about 350 rad . / sec . the slope of both 
spectra i s constant on the semi-log graph, with transducer number two 
having a more negative slope. An inspection of computer pr int -out of 
#4 Transducer, y = -2.2 















100 200 300 400 500 
Frequency - rad/sec 
600 
Figure 35 • Comparison of Wake Pressure Spectra at op = 2.2 and 
*? = -2.2, CL0= 17.5°, £-L= 80 fps, f- = 0 cps 
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raw spectral data for the number three transducer, lying "between numbers 
"two and four, indicated that in every case the slope of the spectrum 
was less negative, that is, the spectrum was flatter than for either the 
upper*or lower transducer. There appears to be no obvious answer for 
the observed high frequency behavior of the spectra. This is a subject 
which would require separate study on a statistical basis. The intent 
here is merely to note the observed trends of the data. In view of the 
approximation suggested by Equation (8l) for the pressure spectrum, a 
procedure is suggested for determining the presence of a discrete vortex 
pattern by evaluating the delta-function coefficients in Equation (8l) 
and comparing these results with those computed for a vortex array as 
presented in Figure 33- For this purpose it is convenient to use the 
root mean square pressure coefficient data as discussed and presented in 
the following. 
Figures 36 through 51 present the measured root mean square 
pressure coefficients versus transverse wake position for all the test 
conditions. The transverse wake position is normalized by the vertical 
projection of the semi-chord, that is, C/;: Sin >'r . and the resulting 
non-dimensional coordinate is defined as O; . This coordinate measures 
<i 
the wake position relative to the horizontal projection of the leading 
and trailing edges, this assumption of wake boundary having been used 
in the definition of Strouhal number given in Equation (71)• The 
coordinate rtj is measured positive upward with the origin centered 
at the airfoil mid-chord. All data are for the three chordlength wake 
position, and the number three transducer lies at '>) = 0. In nearly 








Figure 36. Root Mean Square Pressure Coefficient Versus 






Figure 37. Root Mean Square Pressure Coefficient Versus 







Figure 38* Root Mean Square Pressure Coefficient 
Versus ^, <X0 = 15-°, U ^ = 80 fps 
Ill 
Vic; j . 22 
Figure 39. Root Mean Square Pressure Coefficient 
Versus J , (X0 = I5.













Figure kO. Root Mean Square Pressure Coefficient 
Versus *? , C(0= I5.






Figure ^1. Root Mean Square Pressure Coefficient Versus 










Figure k2. Root Mean Square Pressure Coefficient 








Figure 1+3• Root Mean Square Pressure Coefficient 











Figure Ml. Root Mean Square Pressure Coeff ic ient 










Figure k-5* Root Mean Square Pressure Coeff ic ient 






Figure h6. Root Mean Square Pressure Coefficient 






Figure k7* Root Mean Square Pressure Coefficient 
Versus 7 ex. 20.






Figure -̂8. Root Mean Square Pressure Coefficient 






Figure 1+9• Root Mean Square Pressure Coefficient 








Figure 50. Root Mean Square Pressure Coefficient 








Figure 51. Root Mean Square Pressure Coefficient 
Versus y , 0Co = 20.°, XJ^ = 1̂ 0 fps 
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the overall magnitudes of the profiles. In some instances, however, it 
is seen that the lower frequencies, particularly -f = 10 cps, tend to 
attenuate the overall wake response relative to the static condition. 
This observation was noted earlier relative to the discussion of the 
response at the number one transducer. A comparison of all the profiles 
make it clear that very significant alterations in profile shape occur 
as angle of attack, speed, and frequency are varied. In general, how-
ever, a characteristic common to all the profiles is the high intensity 
at or slightly below the projected mid-chord location in the wake, and 
at the extreme upper side of the wake. The number five transducer 
(on the lower side of the wake) measurements are in all cases relatively 
insensitive to airfoil frequency, and the magnitude of fluctuating 
pressure is consistently lower than at higher positions. Thus it 
appears that the lower boundary of the wake is above this position. 
However, for the upper side of the wake it is clear that the number one 
transducer does not define the extent of the wake. Here, it was found 
in nearly all cases that pressure increases in moving upward from 
number two to the number one position. 
It is of interest to note the wake structure for the conditions 
of relative intensification of press-ore coefficient (with variation 
in forced Strouhal number) as shown by Figures 29, 30, and 31• In 
particular, the condition O ^ = 50 fps, Ot 0 = 17.5° 5 shown in Figure 30, 
indicates a large increase in fluctuating pressure for values of forced 
Strouhal number well into the range of natural shedding. Referring to 
the two points at ^ - .11 and £, = .. 18, the frequencies are respec-
tively •f = 18.7 cps and -f = 30 cps, and the wake profiles for these 
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conditions are shown in Figure k2. By comparison with other test 
conditions it is apparent that these profiles are of the same general 
shape as those of the same frequency range hut different speed and 
angle-of-attack conditions. Thus the wake structure, at least in terms 
of rms pressure, shows similarities for conditions "both near and far 
removed from Strouhal resonance. However it is evident that if a well-
defined vortex array is to exist for any of the test conditions, it 
will most likely exist for the condition nearest the natural Strouhal 
frequency. Therefore the condition -P = 18 .7 cps, shown in Figure k-2, 
is chosen for comparison with the analog computer results for a 
convected vortex array. 
In view of the coherency of the wake disturbance due to the air-
foil motion it will he assumed that formation of a well-defined array of 
vortices in the wake exists due to the imposed motion. Then the result-
ing root mean square pressure follows from equation (8l "by taking the 
difference in the values of the spectra for the static and oscillating 
airfoil conditions. This procedure appears rea.sonahle for the particu-
lar case in question, since there is very little modification of the 
overall spectrum due to airfoil motion, and the added power is confined 
to a very narrow frequency hand. Referring to Figure 4-2, for the 
position ') = 0, which is assumed to he near the center of the wake, 
the value of y A Cr; is .72, from which the mean square pressure is 
found to he 
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and the corresponding average peak-to-peak pressure is, 
Ap = 2 . ^ yZp* = .Olb p^< (Q3) 
To obtain pressure magnitude from the theore t i ca l resu l t s represented 
in Figure 33? i t is necessary to assume a value of IJXUyf P and a 
value of e i ther T.Ty or i / 2. A . One further parameter i s the 
spacing r a t i o of the vortex array, b / & . This value has been taken 
equal to .30, which is nominally measured for stable vortex s t ree t s 
downstream of a cylinder, as discussed previously. Similarly, a reason-
able estimate of convective veloci ty wi l l be taken as - b U ^ , 
Table 2 presents computations of several wake parameters for a 
range of values of 2. c \ I ^ / P as taken from Figure 33* The quantity is 
peak-to-peak pressure, and i t is seen that 2/X>.\/( = 20 gives the best 
approximation to the experimental value of A P = .013 p s i . To compute 
the value of I i t i s f i r s t necessary to determine the vortex spacing, 
(X . If the vortex array is assumed stable and i s s teadi ly convected 
at three chordlengths downstream, the distance between successive vort ices 
on one side of the wake is 
(X — ±1* {Qk) 
-f-
where 4~ is the frequency of airfoil oscillation. For the present 
example this expression gives the value 0L = 2.1̂ 4 ft. Using *yf\= .30 
gives b = .6̂ +2 ft. In terms of the wake width parameter in , the 
increment between vortex rows is &V = k.3- Referring to Figure 1+2, 
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Table 2 . Effect of Vortex Convective Parameter 
on Computed Wake C h a r a c t e r i s t i c s 
p ( r / 2 a ) 2 
2aU S 
10 20 30 kO 
r / 2 a if. 00 2.00 1.33 LOO 
-££ 8k.8 191.0 296.0 I+03.O 
AP .0230 .0130 .0087 .0067 
r 17.2 8.6 5.7 4 .3 
AC1 -68 .34 .23 .17 
Note: U = kO fps 
v 
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this value is seen to be reasonable if it is assumed that the two rows 
of vortices lie respectively between In = 2 and o > = h and between 
'')j - -2, '>y = 0. The quantity A L * is found using the Kutta-Joukowski 
relation which in terms of lift coefficient is (for chordlength of unity) 
ACA= -|£ (85) 
and A CA may be interpreted as the depth of the hysteresis loop in 
the Cj versus ĉ  curve, and | the corresponding circulation given up or 
gained by the airfoil. If it is assumed that this circulation is carried 
into the vortex wake as the strength of the alternating vortices in a 
stable wake, with no cancellation of vorticity occurring, as seen from 
Table 2 for the case 2oJJv/r= 20, the value P =8.6 ft/ /sec. implies 
an airfoil ALnof .34. This value is generally less than experimental 
values obtained by Liiva and Davenport for comparable frequency and 
mean angle of attack, but considerably greater speed (see Figure 1 
and [5])» A major difference in the present experiments and those of 
Liiva, Davenport, et al. is that the oscillatory angle is much different, 
being 1.5° half amplitude in the present case and about 5° half 
amplitude for the tests in Reference (5). If it is assumed that the 
vortex strength is proportional to airfoil, oscillatory amplitude, then 
the value .34 for ^ C . at ± 1.5° corresponds to a value of 1.13 at 
± 5°, which from Figure 1 is seen to be a better approximation to the 
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depth of the hysteresis loop. 
The representation of the unsteady downstream wake used here is 
idealized as a double row of vortices extending to infinity both 
upstream and downstream. This means that the behavior of the wake 
development between the airfoil and a position far downstream where the 
stable vortex structure is presumed to exist has not been accounted for. 
The number of parameters occurring in the example just discussed 
emphasizes the lack of comprehensive experimental study of the dynamic 
wake as well as the magnitude of the analytical difficulties in describ-
ing the phenomenon. 
From the experimental results obtained here, it is evident that 
significant wake amplification due to airfoil oscillation occurs in 
most cases rather than for a few cases as would be consistent with the 
assumption of Strouhal harmonic or subharmonic resonance. In view of 
the analytical findings of this study, it would appear reasonable to 
assume that strong, discrete vortices are generated by the airfoil for 
most dynamic fully stalled conditions, and the implication of the 
present limited experimental results is that these vortices persist well 
downstream of the generating airfoil. It is noted that the test con-
dition chosen for comparison with the results of Table 2 provided the 
most reasonable comparison from among all conditions tested. This 
appears to result from using the von Karman stability argument as a 
basis for comparison which, because of Equation (8k)9 leads to unreason-
able estimates of wake geometry when applied to many other test condi-
tions. The question of the development of the wake structure as a 
function of downstream position, as well as the prediction of wake 
130 
vortex strength, remains unanswered. 
The von Karman vortex street should "be regarded merely as the 
least unstable configuration of vortices formed in two rows [3*0 • The 
configuration is stable under first order disturbances of a particular 
type, in which one vortex in the array is slightly displaced along the 
trajectory of its row [15]. Goldstein [34] alludes to the nature of 
the breakdown of such a vortex array whenever the spacing is not stable. 
Thus if the spacing ratio b/a is not equal to .281, the array will be 
exponentially unstable in time, with the arry either closing up or 
opening out, as sketched in Figure 52. This is an interesting point 
that might bear further theoretical study, inasmuch as the present 
experimental results indicate that discrete vortices may be forced into 
the wake at spacing ratios not near the stable value. This has not 
been a point of interest in the past since the study of vortex wakes 
has been confined primarily to the condition of natural shedding, that 
is, when the body producing the vortices is static. Perhaps the most 
important point to be considered is the mechanism whereby the body 
motion induces the formation of strong discrete vortices. As discussed 
previously, the method of Ericsson [6, 7] can be used to account for 
dynamic stall delay and thus account for roughly the upper half of the 
lift hysteresis loop. However this argument is not valid for conditions 
of full stall, where it is possible to obtain hysteresis amplitudes of 
the same order. It is necessary ultimately to consider the boundary 
layer in order to predict the magnitude of shed circulation. As pointed 
out by Moore [12], unsteady boundary layer effects alone do not account 
for observed behavior. The phenomenological model presented in the 
- ^ - -





present study describes the overall airfoil response reasonably well 
but requires empirical inputs from experimental data. Because of the 
siirrple analytical form, however, it may offer promise for an analytical 
model to be coupled with boundary layer analysis, say of the form 
given by Moore, which could ultimately lead to a deterministic treat-
ment of airfoil stall aerodynamics. 
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CHAPTER IV 
CONCLUSIONS AMD RECOMMENDATIONS 
Conclusions resulting from the research presented here, and 
recommendations for future extension of both the theoretical and 
experimental results are as follows. 
Conclus ions 
1. An analytical model for the stall dynamics of an airfoil 
based on the conservation of circulation has been developed. An 
equivalent potential flow concept was used to systematically account 
for loss of lift in steady stall. The model demonstrates the experi-
mental^ observed sudden loss of leading edge suction and the develop-
ment of multiple-loop pitching moment versus angle-of-attack- trajec-
tories that can accompany dynamic stall. 
2. The analytical model predicts that decreasing vortex 
propagation velocity in the neighborhood of the airfoil chord tends 
to be destabilizing in pitch. In addition, vortex shedding phase is a 
controlling factor in establishing positive or negative pitch damping. 
The differential pressure distribution predicted by the analytical 
model agrees with observed behavior, and the apparent recovery of 
trailing edge pressure is due to the presence of wake vorticity. 
3. Measurements of unsteady pressure in the wake of a stalled 
airfoil, at positions three chordlengths downstream from the airfoil 
13^ 
trailing edge, indicated that a natural vortex shedding frequency was 
present for most test conditions, although not well defined in the 
Reynolds number range of the tests. The Strouhal number computed 
from the power spectra of wake pressure was found to vary from .10 
to .lk. Oscillatory airfoil motion of ± 1.5° about the mean angle 
was found in nearly all cases to cause amplification of unsteady 
pressure in the wake. Increases in root mean square pressure of as 
much as Sofo were observed. These increases were found to occur in 
a very narrow frequency band around the frequency of airfoil motion, 
and at the first harmonic of that frequency. The vertical distribu-
tion of pressure in the wake was found to exhibit similarity under 
most dynamic conditions. 
k. One test condition was examined for Strouhal resonance 
effects, in which the drive frequency was near the frequency of natural 
vortex shedding. A large increase in unsteady wake pressure coeffi-
cient was noted, with the frequency distribution of mean square 
pressure behaving essentially the same as for other test conditions. 
The presence of a vortex wake was consistent with theoretical pressure 
for a double row of vortices. 
Re commendations 
1. The analytical model developed here contains the mathemati-
cal framework on which to build a more complete model for stall. This 
can be done by allowing mutual interaction between wake vortices and 
bound vorticity, so that the vortex trajectory assumption can be 
removed, as well as the assumed vortex velocity. The question of 
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shedding phase and vortex strength can only be resolved by consider-
ing the mechanism of vorticity production in the boundary layer. 
2. It may be possible to couple a time dependent description 
of the outer potential flow with a time dependent boundary layer 
analysis such as given by Moore [12], An analysis of this type is 
necessary in order to understand how the boundary layer, body motion, 
and outer flow field combine to produce the observed wake coherency. 
3. The experimental investigation of dynamic wakes should be 
extended to higher Reynolds numbers and higher airfoil frequencies, 
with pressure measurements being made at several downstream locations. 
The limited data available in the present study indicated significant 
changes in wake structure between positions at one and three chord-
lengths downstream. Detailed measurements are needed at several 
locations to define the rate of growth of wake width, the rate of 




BACKGROUND ON SINGULAR INTEGRAL EQUATIONS 
WITH A CAUCHY KERNEL 
The material presented here i s for convenience in understanding 
the treatment of the par t i cu la r problem occurring in the analyt ica l 
section of the t ex t , and therefore i s limited to a discussion of open 
contour boundary value problems possessing integrable s ingula r i t i es in 
the density at the end-points of the contour. Further physical con-
siderat ion leads to the conclusion that a l l disturbances tend to zero 
suff ic ient ly far awy, in any di rect ion, from the contour in question. 
The plane boundary value problems of po ten t i a l theory are amenable 
to analysis by the methods of complex function theory. In pa r t i cu la r , 
singular integrals of the Cauchy type occurring in in tegra l equation 
formulations are considered in the following developments. 
The Holder condition [29] i s assumed valid for the problem in 
question, and th i s condition s ta tes that a function <p(t) defined on 
a smooth contour L sa t i s f i e s the condition i f for two arb i t ra ry points 
of the curve, 
ffrtO- Vdti < Adi-i,)* (86) i 
where Q^- /\ ̂  \ • This condition ensures the integrability of 
integrals of the Cauchy type, 
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C _ 1 £ 2 2 
2TT L J "V - ̂  
$ ^ = _ i _ . \ - * i l > J* (87) 
where tpfĉ on the count our U satisfies the Holder condition, except at 
the endpoints of the contour, where it has singularities of the 
integrable type. The value of such integrals is determined in the 
sense of Cauchy principal value. Equation (87) defines an analytic 
function, Q(J£) , -jt d L > in terms of the integral of a density function 
cp-Ct) along some contour. The question arises in boundary value 
problems as to what the limiting values of ^ (2) are upon approaching 
the contour L from either side. One side of the contour L is 
denoted by + and the other side by - . To determine the sides 
uniquely, consider the contour L extended into a closed contour. The 
+ side of L is then taken on the left when traversing the contour in 
the counterclockwise direction. Consider the function <fe(k), defined 
by the singular integral in equation (87) and let £• approach the 
point "fc , •£" £ L- ? (not including the ends points) from the + and 
- sides along arbitrary paths. Denote the limiting values of j> (£•) 
by <J> (i) and C£ (i.) respectively. Then the following results govern the 
limiting behavior of ^ (£) on the contour in terms of the integral and 
its density, 
(88) $ 00 - § (t) = <fd) 
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fit) +fct) ^ -i-C -£±>JZ (89) 
where "fc is not an endpoint of L. . 
These relations are known as the Plemelj formulae [29]5 and are 
basic to the study of a large class of boundary value problems. The 
analytic function <£ it) has a jump across L. as just described, and is 
therefore called sectionally analytic. According to a theorem given 
in [29], (pg. 53) the function life) will possess the same type of 
singular behavior in the neighborhood of an endpoint C of the contour 
L as does the density function. Since it is required that <p (*t) 
possess integrable singularities at both ends of the contour, '£('-£7 
must also exhibit this behavior; an integrable singularity being defined 
by 
1 w $(*) ^ ! L _ ^ > a < Ke /H <- / (90) 
a 
2 -> 0 C £ - C) 
where B> i s an arb i t rary constant. 
Consider the following Riemann boundary value problem for 
sect ionally analyt ic function j^7i)5 
$ V - 0 - I'C-i) - <f>(±\ , h e. L ,i/ C (91) 
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The Plemelj formulae suggest the solution 
* (i) , _Uf _££Ld* (92) 
L 
To establish the uniqueness of this solution, consider the difference, 
i,i'*) = $rij -£r*?) (93) 
where ^(?)is sectionally analytic. Then the boundary value for this 
function is 
£?(^~ l " a ) - o . -tcL> t^c (9»t) 
hence by analytic continuation <J)((2jis regular everywhere except 
possibly at infinity and at the endpoints of L . But the endpoint 
singularities are weak and removable, therefore 5^-) is regular every-
where except possibly at infinity. Consider the two possibilities for 
the asymptotic behavior of ^yjas |-*|-*or: 
i) 3 > f 2 ) — * O as / 2:1 ~* oa , ii) <§>('£) ^ Q( \£\ ) as 
!?•)--*• CC ? an(^ m 5. O • In the first case it follows that ^ C i i E O 
from Liouville's theorem since §/i) is analytic in the finite part of 
the plane and zero at infinity. Thus the only solution is $('?) = $(*£) 
In the second case it follows again from Liouville^ theorem that 
$,<*•} = FM(±) (95) 
1^0 
where ^ ( " 2 ) is an m order polynomial in z. Hence in th i s case the 
general solution of Equation (91) is 
TU] r - J -C _ i i l l ^ + T^C±) (96) 
L 
Consider the singular in tegra l equation, 
L 
where f( ?*) is a given continuous function and f (i) is unknown, having 
all the properties stated earlier. Form the sectionally analytic 
function 
£^> = -J-[-£«} dt (98) 
L 
possessing integrable singularities at the endpoints C . Then according 
to the Plemelj formulae, the solution is expressible in the form, 
cf(-t) - l"(i) - $7-6) (99) 
where 
§+(-L) +JY*J r £&) (**» 
Ha 
To o b t a i n the s o l u t i o n of Equat ion (100) , we w i l l f i r s t o b t a i n a 
p a r t i c u l a r s o l u t i o n , Ff'ftj , of the corresponding homogeneous equa t ion . 
We t h e r e f o r e r e q u i r e t o solve 
^ F Vf) - r-0 F"('t) = o (101) 
which enables us to write, 
1= 'd) 
The original problem is then factorized as follows 
+ I (t) - r4w I'd) T, xm (103) 
F'C-t) 
or 
£"7-^ _ I'd) _ ±(4) 
(1(A) 
FV*J r - ^v p+^) 
Consider Equat ion (10^) as a new boundary value problem. Then the 
s o l u t i o n §(£)/ F(2) i s , according to our previous development, 
^- ^ ^ I M + F^ (1°5) 
To find the solution of Equation (101), take the logarithm of 
Equation (102), giving 
U F"*Vt) - In F7-i) - In f-l) (106) 
From the Plemelj formulae, t h i s impl ies 
InFf t )^ -»-. { JfltH^t (107) 
Xiri J ±^^ 
L 
o r , s ince In C- I ) ~ 7T c 
L 
Let the contour L. "be as sketched "below, where 2, and Z:x are the end-
p o i n t s . 
•*" 2 . 
i 
Then 
FYSO - vi-nii. (109) 
/ 2 - 2 , . 
t he re fo re 
£[i) - /iiii! tit) (no 
F V i ) <±-« ' 
1^3 
and Equation (106) now r e a d s , 
$„) = _j_y*_±« fe £Ji)Jt +-\IHL>^i) an) 
L_ 
But, from Equation (98)? |? ('*) is required to possess integrable 
singularities at both ends of the interval, according to a result stated 
earlier, because the density function Cf>ft) is required to have that 
behavior. To insure the singularity at j£ , "we require to modify Ffe) 
as follows. Let 
F *(*) = —J— Y(*) (112) 
then Ffe) still satisfies the homogeneous boundary value problem, i.e., 
F * % ) +• F*?-i) ' a (us) 
This solution will be used for the condition of integrable singularities 
at both ends of the open contour. Then 
-£^i - i~a^W-*S -f a) ^ 
F*>0 
Returning to Equation (105) and replacing F&j by p" (£), the following 
form results for singularities admissible at both ends of L , 
Ikk 
2, 
i l i ! . -L_ f _ £ l ^ ^ L <_ R J Z ) (xi5) 
F*(*) ATTt' J F*VO ^ - * 
Let the contour L "be the real line between X-"l Q̂ 11^ ̂  - I > then the 
solution is, 
+ 1 
to = ' rjWi^-x*^ ck + ._,^iL.ai6) 
As stated e a r l i e r , the inunction P f e ) i s a polynomial of degree rv\. 
Now consider the in tegra l equation stated in the tex t , Equation (29). 
The general form of th i s equation may he taken as, 
r ^ x ' irt J f-X 
- i 
Then following Carleman define a function J (2) by 
+ 1 
*(±> , -i-T f JkilL d J (US) 
-I " 
which is analytic for all £ not contained in the interval («. / -̂/̂  . 
Then according to the Plemelj Formulae, 
*; rx> - $ V ) - i"^J (119) 
1^5 
and j£&)has the form given in Equation ( l l6) . The polynomial P^(^) 
in Equation (116) i s reduced to a constant for the flow problem in 
question because i t i s assumed that a f in i t e number of vort ices exist 
in the wake, and the motion is assumed to have pers is ted for a sufficient 
length of time to allow flow t rans ien ts to subside. Then <f)(2s)ls given 
by 
•§(?), ._ ' i vfr-oofTTW)^ ^ A ^ — (120) 
where A is an arbitrary constant. It is noted that from the standpoint 
of the mathematical theory involved, the physical problem is reduced to 
that of a configuration existing at a fixed time, which is consistent 
with the assumption of quasi-steady flow. Thus the mathematical solu-
tion consists of determining the boundary value consistent with the 
given disturbances at a particular instant, or for a particular con-
figuration. 
The function -f (X*)is, from Equation (29), 





1 ' - / 
(x'-r/f + 'l'-*) 
(121) 
It remains to perform the integration indicated in Equation (120). The 
most convenient way to accomplish this is to use a representation in the 
lk6 
complex plane, [30, p.M+5]. Since the difficulty in integrating the 
expression in Equation (121) occurs due to the wake vortex terms, the 
expression 
$ c *J = 
X - X 
r\2. i a-it±<\ 
(122) 
will he used for illustration in the following development. The change 
A A 
in symbols is used for convenience, thus the point (X> H ) now is the 
•"V 
fixed position and X varies over (-1 ,-H ). The integral to be evalu-
ated is 
xc*>^ -M K7-W)(*-K) Jx (123) 
How form 
SL(±) = j _ (j/Qi!Xl±JK±Jl J r, (124) 
where the complex t-plane and the path A. are as sketched below 
1 
e VL © - * 
1̂ 7 
Equation (12^) can "be wri t ten as 
A-
<\ A / A 7\ 
where r ~ x~». icj. and T is the corresponding complex conjugate. In 
Reference [30] it is shown how integrals of the Cauchy type, singular 
at co , can "be evaluated in terms of principal parts. An extension of 
the method can "be made utilizing the following theorem from complex 
variable theory [38]: 
Let -j-(̂) "be regular in 5 and continuous in S +- L } 
except at the points a, , - - -, CLn , and at •£ = <=o , 
where it may have poles with principal parts Gi,Ch) > 
G a ( ^ > > G n U ) > ^*^*> • 
Then, 




' * , 
Ik8 
For the p resen t a p p l i c a t i o n the s igns on the r i g h t in the above theorem 
are changed s ince J\~ i s t r a v e r s e d so t h a t S i s on the l e f t . The 
p a r t of Equation (125) corresponding t o t({)±n t he preceding theorem 
has s i n g u l a r i t i e s at V} ~ ¥. and t - fc , "but not at ao . Therefore 
Equation (30) becomes 
^LV'L) - - ; •- '— ^ g U j - G i j f 2 ) - (j^*) 
' i - £ V ? - f ) 5 
(127) 
Expanding 4- (5) ah out the singular points, the principal parts are found 
to he 
G?&) =• /('f-0(7 -̂1')" 




and (note there is not a singularity at infinity, 'but there is a 
principal part, from the definition), 
(2 )^ |,Vw . y S r ^ j t Z ( 1 " %1 - I (130) 0 | 
Thus the i n t e g r a l !(£•) becomes, 
11*9 
X t ' i ) = 2 T K^JKHIHI 
and <j? (5 ) becomes 
f H) - — f(ir+r)(2^)(2-x) 
L\[<*-»(nO' I (z-OCi-?,) 
(131) 
(132) 
KTiiXi-^izt] JJJiiXlAlU^ 1 
Now t o eva lua te J? Or) and JfC*1), -\ <L X £, \ p a d e f i n i t e branch cut i s 
chosen t o eva lua te t he express ion 
/a-oc^o - £ i(i-L)(it^ (133) 
Taking cuts along the x-axis from-I to -ao and from +1 to-oe3 the limiting 
values are found as follows, 
O 
i'^ Vn-iicMa) =̂ /r/-^)r^>f; 
5-»x*" 
~0 
1)'^ 1(\-Z)(\4*) ~ -V(i-X)(li%) 
> -f < *'* ) (!3^) 
Thus 
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$*a)-lVsr) = -^— S £H&1&*} (135) 
+ iliiiKEMdj + 
Thus constant will be neglected at this point, since it can be combined 
with the arbitrary constant A, given in Equation (25). Using the 
definitions, 
f - X + i ^ , f =, X - L £ (136) 
in Equation (135)? the result can be expressed in terms of K and ^ 
as follows 
H 




0 - 4a ̂  SA1- (138) 
-̂f-l 
The other terms in Equation (26) are evaluated in a manner similar to 
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that just demonstrated. Reverting to the original notation, the final 
solution for "bound vorticity is, 
t(x*) =, I^ilhsk +. _ J _ \ A - IV 
h-«>x Vi-x*1-
**<s/na'„ (139) 
^xrf- [c*i - £z£± **/V"J k^n^l -£s,v' i;] 
"b frr CCA*-XJ)--+ J ; ' -J 
where 
a, = Ian ' a-*?1*' (lUo) 
and 
Q. ^ 4 a r ) ' ' A * ' ^ ' (1^) 
x/^i-' 
To evaluate the arbitrary constant A, in Equation (139), the requirement 
of conservation of circulation is applied, as stated in Equations (19) 
and (20). It is thus necessary to integrate the expression V ^ ( X ) 
as given by Equation (139). To accomplish that it is convenient to 
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employ the notation of the complex plane as used to obtain the solution 
previously. Thus each of the C and j terms in the equation can be 
written equivalently as. 
_ i _ f Kw(fijcL*K M+'tf-'M'D 
and a straightforward integration by the method used to evaluate 
Equation (122) gives, 
\ KtTnTfrKf- x), IctHY^rt- V ~j M_-- - -TT (1̂ 3) 
In this way the values of A are established as discussed previously. 
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APPENDIX B 
INSTRUMENTATION CALIBRATION AND DATA CONVERSION 
Two types of pressure transducers were used in the experimental 
program. As indicated in the schematic of Figure 19? two transducers 
were mounted on the airfoil and five transducers were mounted on a 
rake in a vertical array to form the wake probe. The airfoil trans-
ducers were of the differential type, measuring the difference in 
pressure between upper and lower surfaces of the airfoil. Due to 
data recording limitations, the differential transducers at 15$ chord 
was not recorded on tape and thus was not numerically processed to 
generate power spectra. The transducer at 85$ chord was recorded on 
tape and was numerically processed; however during the tests it was 
found that the response of this transducer was degraded by faulty 
wiring and the amplitude information obtained from it was incorrect. 
As discussed in the text, there did appear to be useful phase informa-
tion contained in the number six transducer (85$ chord). Calibration 
of the number six transducer was accomplished using hydrostatic 
pressure and a micromanometer. The transducer was mounted inside a 
glass test tube with the reference or lower face of the sensor vented 
to atmospheric pressures. A plastic tube was mounted in the test tube 
and extended out to the input side of the micromanometer, which was 
vented on the reference side to atmospheric pressure. The tube was 
inverted and lowered into a basin of water until a predetermined 
15^ 
setting of pressure on the micromanometer was reached. The "bridge 
was supplied "by a six volt "battery and the output in millivolts was 
read on a millivolt meter. This technique permitted applied pressures 
as closely as could be read in hundredths of an inch of alcohol in 
the micromanometer. In Figure 53? the line labeled #6 is the calibra-
tion curve for this transducer. The sensitivity factor was found to 
be 
S 6 = tO-8 -££r (lM) 
The -wake transducers, numbered one through five, were of the total 
pressure type, .125 inches in diameter and .031 inches thick. These 
transducers were solid state bridge types and were supplied with 10 
volts d.c. from batteries. Calibration was accomplished using a 
micromanometer and a tube connected to an air supply valve. Each 
transducer was placed in the plastic tube and the end then clamped. 
The applied pressure was monitored on the micromanometer and the 
corresponding millivolt level of output was recorded. The lines labeled 
#1 through #5 in Figure 53 are the calibration curves as obtained from 
the average of three trails for each transducer. The shift in voltage 
level for the various transducers is caused by bridge imbalance 
inherent in the manufacture of the device. The difference in sign of 
the slope was caused by inadvertent change in polarity of the input 
voltage. This was accounted for in obtaining test data. Since only un-
steady data were being sought in the tests, the bridge imbalance was 
not important and only the slope of the data was calculated. Using 
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Figure 
5 3 . pressure Trans ducer 
Calibration Curves 
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1 inch alcohol = .0293 psi, 
the sensitivity of each of the total pressure transducers "was found to 
be very nearly 
SL - 6-32 Z$ , <!=- l.-o 5 (̂ 5) 
As a check on the accuracy of the calibration, the #1 transducer was 
recalibrated using the more precise hydrostatic method, and the two 
values were found to agree. 
The amplifiers used to gain the transducer signals were solid 
state, operational amplifiers with a range of ± 15 volts. The gain 
requirements were not well defined at the beginning of the tests, so 
each amplifier was stabilized at an arbitrary gain that was observed 
to provide a good reproducible signal on the tape recorder when an 
air hose was used at a distance of six to eight feet away from the 
transducers in order to excite them. This procedure resulted in a 
reliable recording capability down to at least 50 fps wind tunnel 
speed. The various amplifier gains were later evaluated, and found to 
vary from 1170 to 2000. The data conversion factors for computer pro-
cessing were then established as follows. Let 
•N th 
£5^ = sensitivity of i transducer, mv/psi, i = 1, — , 6 
th 
Gt = Sa^-n °^ amplifier in series with i transducer 
£• = recorder output voltage for i transducer (volts) 
then 
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Ajp. - ILL.. (ii+6) 
Let the conversion factor be 
Ki *• ! a w 
The conversion factor applied to each channel of data to obtain 
pressure time history in psi could then be computed as shown in 
Table 3-
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Table 3. Transducer Conversion Factors 







6.82 1330 .1100 
6.82 1170 .1255 
6.82 1830 .0800 
6.82 2000 .0735 
6.82 1330 .1100 
10.8 1330 .0700 
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APPENDIX C 
ADDITIONAL TEST SPECTRAL DATA 
Presented on the following pages are the raw power spectra of 
incremental pressure as obtained from the CDC 6^00 Hybrid computer and 
plotted automatically using a Calcomp digital plotter. The spectra 
were computed for frequency intervals of 4.0 rad./sec. and are plotted 
between the limits of 2.5 cps and 100 cps. Each plot is identified, 
as to test condition, at the upper margin in the following format; 
the first digit indicates mean angle of attack: 
1 = 15.0° 
2 = 17.5° 
3 = 20.0° 
The second digit is always three (3)? indicating that the spectrum 
was computed for the three chordlength wake position, i.e., three 
chordlengths downstream from the airfoil trailing edge. The next 
three digits indicate wind tunnel test section speed in feet per 
second. The last three digits indicate the airfoil oscillatory fre-
quency in cycles per second. The third digit indicates cps in tenths. 
Thus for example: 
i6o 
2 — 3 — 180 — 165 
r t t t 
0( = 17.50 3 chordlengths IJ^= 180 fps t = 16.5 cps 
Also indicated at the top is the root mean square pressure, which 
results from numerical integration of the power spectrum. The spectra 
given are for the number two transducer only (see Figure 19 of the 
text). The sharp fluctuations superimposed on the general shape of 
the spectra are a result of the problem of resolution. As noted in 
the text, the time history data "were divided into twenty segments of 
2.5 seconds duration each. For any finite record lengths, resolution 
becomes more difficult as record length decreases. The reason for 
the spikes is shown by Bendat [35] to be due to Fourier transforma-
tion of sine waves of finite length that are not zero at the end of the 
record. The Fourier transform of a single sine wave of finite length 
is shown to generate relative maxima in the spectrum for frequencies 
on either side of the frequency of the sine wave. This scattering 
effect can be minimized by taking the average value of the spectrum at 
each frequency for a large number of samples. Further details on 
the numerical aspects of the problem are given in Reference [33]. 
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Figure 62. Additional Test Power Spectra, 
CX0= 17.5° ?
 Uoo= 80 fps, 100 fps 
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APPENDIX D 
ANALOG COMPUTER SIMULATION OF A VORTEX WAKE 
To s imulate the time h i s t o r y of p r e s s u r e due t o the passage of 
a vo r t ex a r r a y , Equation (80) of the t e x t , 
•was solved us ing an analog computer. For t h i s purpose an EAI, Model 
TR-^-8 computer i n the School of Aerospace Engineer ing "was used. The 
funct ions U /P/za and V/V/o.<k are funct ions of the t r a n s v e r s e coordinate 
u , and t ime , as shown in Equations (76) and (77) . The s imula t ion 
r e q u i r e s the gene ra t ion of S i n o j f and C O S c J t , a t some con-
venient t ime s c a l e ; s ca l ing for each value of u , and the use of 
s e v e r a l e l e c t r o n i c m u l t i p l i e r s , t o genera te the sca led p r e s s u r e . 
The s c a l i n g i s accomplished as fo l lows . Let 
— - K, - K^ ; , (1^9) 
' / ^O. I 4- K3 COS cO t \ - \<+ tomtit 
for u > b. , and 
J i _ _ V I K I / ' / = K, ! + Ka
 ! (150) 
' A a I + /<T? cos cOt I - Ku. cos d t '5 
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for o £ UL. <c b / i - > where, 
ICi = \:^U j C a ^ + b) , | < i = -f-xKiU S f y - O 
1 ^ ^ ^ y C b - a ^ 
and for ( 
-\J" 
J f c 
^ 
2-A 
G^sin - ( ^ a + k ) 
K^ 
I +- /^ cos cDt 
) « . = -
Cos^f^-O J 
l<r, 
- IC COS cdt \ 
(151) 
Q.'ocOt (152) 
Using unit scaling, and noting that all the above constants are less 
than unity and K ,, - K^ for u ^ C > there results 
U-
V. xa -K. 
k\ 




)(hl(3.^t) l - ^ -J -Y , - ^ 5 J t ) 
(153) 
y _ & fefeW _ j ^ (Mt^j (15h) 
'^feX'4^0 5^ ^ ( T T E / ^ ^ O 2_C^ 
For UL^ D/2, the expressions are the same except that the leading 
coefficient in the second term of 
i s replaced by f K? /l*" k<* } • Completion of scaling depends on the 
value of Utf/r/24.. 
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Substi tuting various values of t h i s parameter into Equation 
(lU8), the scaling is completed in each case by dividing through by a 
constant appropriate to give reasonable pot se t t ings . 
Four values of 2utUu/rVere used,2aUv /P= 10, 20 , 30, k09 and 
computations were made for U = 0, b/U, 3bA* and b . For a l l the 
compuations the spacing r a t io b /a = .30 was used. Figure 68 is a 
mechanization for the problem. Table h presents the pot se t t ings used 
for each condition. 
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Table 4. Analog Potentiometer Settings for Wake Pressure Time Histories 
Pot No. Formula 
V 





00 .100 .100 
01 V .100 .100 .100 .100 
02 i.e. 1.0 1.0 1.0 1.0 
03 K3 / l + K3 
.4036 .31^8 .1524 .1034 
05 i-yi+Ku .1927 .0535 .0535 .1927 
06 I / I+K 3 .5963 .6851 .8475 .8965 
07 K2/1-KU — — .486 1.00 
08 K2/1-Ku .500 .488 — — 
15 \/1+S .4036 .4732 .4732 .4036 
17 1-K /l+K .1927 .3703 .6950 .7931 
18 1/1+K^ .5963 .5267 .5267 .5963 
20 V1"̂  .̂ 55 1.0 1.0 .910 
21 K3/l-K3 .̂ 55 .096 .025 .0565 
30 l/2k .050 .500 .500 .100 
31 l/2k .050 .500 .500 .100 
35 K-L/I-^ .500 .186 .226 .486 
(Above settings are fixed. Pot #32 -varies with 2aU / v 
as listed below. All Pot settings are x 10.) 
32 2aUyr = 10) .0217 .1131 .113 .08694 
= 20) .0435 -2262 .226 .1739 
= 30) .0652 .3392 .339 .2607 
= 40) .0870 .4524 .452 .3^78 
—<s> 
Figure 68. Schematic of Analog Simulation 
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